BBK 22.19 Poccutickozo ¢gonda dyndamenmanbrolx

YK 519.6 ' ’ H3danue ocywecmsaeno npu noddepiucke
P 1
C17 o uccaedosanuti no npoexmy 01-01-14075

Camapckuin A.A.,, Muxanaor A.II. Maremarnueckoe MomeJImpoBa-

Hue: Uneun. Metoabl. Ilpumepbl. — 2-e usn., ucup. — M.: Pusmaraur, 2001. —
320 c. — ISBN 5-9221-0120-X.

B monBOrpadum m3I0XKEHBI YHUBEPCAIbHBIE METOHOJIOTUUECKUE TOAXOMBI, IO3BO-
asoiye 0e30THOCUTEIHFHO K KOHKPETHBIM OO0JIaCTIM IIPMIIOXKEHUN CTPOUTH ALEKBAT-
HbIe MaTEeMaTHUUYECKNe MOIEJI M3ydaeMbIX 00BeKTOB. IIpencTaBieHbl METONBI U IIPUAME-
PBI TIOCTPOEHUS W aHAJIN3a MATEMATUUECKUX MOMEJIEN MJIS PA3IUYHBIX 33089 MEXaHUKMH,
du3ukm, 6UOJIOTMM, SKOHOMUKHX, COIMOJIOTUY HA, OCHOBE MCIIOJIB30BAHMSA DYHIAMEHTAIIh-
HBIX 3aKOHOB IIPUPOLBI, BAPMALMOHHLIX IIPMHIIUIIOB, MEPAPXMUECKNX IIETIOUEK, METOLA,
AHAJIOTUN.

Ins cnenmualiucTOB 0 MATEMATUYECKOMY MONEIUPOBAHUIO, aCIIMPAHTOB, CTYIEH-
TOB, M3YYAIOIINX U UCIIOJIBL3YIOIIUX METOMABI MATEMATUUYECKOTO MOAECIIUPOBAHMS, BHIUMC-
JINTEIBHOTO 3KCIEPUMEHTA.

IlepBoe m3ganme — 1997 r.

Tabm. 5. Un. 123. bubauorp. 89 Ha3B.

Hayunoe n3nagne

CAMAPCKHHU Ausexcandp Andpeesuu,
MUXAHAITOB Asexcandp emposuu

MATEMATUYECKOE MOIOEJIMPOBAHUE:
NMAOEN. METOIbI. IIPUMEPBI

PemaxTop E.FO.Xodawn
KomnesioTepusbiit Habop A.C.boadapesa, H.I'. Cupomenko

JIP Ne 071930 ot 06.07.99. Ilogmucamo B meuyats 25.04.01. dopmart 60 x 90/16.
Bbywmara opcernas. Ileuars odpcerHas. Yci. med. ji. 20. Yua.-m3mg. ja. 22.
Twupax 400 sk3. 3akas Tum. Ne

ISBN 5-9221-0120-X
N3narensckas dupma
«PU3NKO-MATEMATAICCKASL JINTEPATYPA>

MAWK «Hayxka/UuTepmepuonukas
117864 Mocksa, yin. IIpodcoroznas, 90

OTneuyaTaHO C TOTOBBIX MUATIO3UTUBOB
B IIIIII «Tunorpadpma «Hayka>
121099 Mocksa, llly6bunckuii niep., 6 97859227101202

© PumzmaTauT, 2001
© A.A.Camapckwmia,
A Il.MuxammoB, 1997, 2001

ISBN 5-9221-0120-X



OINTABJIEHUE

BBEIEHUNE

'IABA I

IIPOCTENIIVNE MATEMATMNYECKUE MOIIEJIN
M OCHOBHDBIE TIOHSITUSI
MATEMATUNUYECKOI'O MOIEJINPOBAHUSI

§ 1. OneMeHTApHBIE MATEMATUIYECKUE MOMEIIU

1. dynnamenTanbHbie 3akoHbl npuponbt (11). 2. Bapuanuounbie npunuuns: (16).
3. IlIpumenenme amasiormii nmpu nocrpoenum monesein (19). 4. Uepapxmueckuin mon-
xon kK mostyueHuto monesnenn (21). 5. O menuHenHOCTHM MaTeMarudeckux monenenn (23).

6. IIpenBapurenbubie BoBOALI (25). Ynpawxuenus (26).

§ 2. Ilpumepsr Momesen, IOMyYaeMbIX 13 GYHIAMEHTAJILHBIX 3aKOHOB IIPUPOMIEL

1. TpaekTopusa BCcmybiTUs mogBonHOM jmonku (26). 2. OTkIoOHEeHME 3aPANKEHHON YACTHU-
IIbI B DJIEKTPOHHO-JIyueBoit TpyOke (28). 3. KoneGauusa komnenx Carypua (30). 4. Isu-
JKEHUE MIAPUKA, NPUCOenmHeHHOro K npyxwune (32). 5. 3akmouenue (33). Ynpaxkue-

us (34).
§ 3. BapI/IaHI/IOHHbIe HpI/IHHI/IHBI U MAaTEMATHNUYECKVE MOHOCJIN

1. O6mas cxema npunmuna [ amunbToHa (34). 2. Tperuii crmoco6 MOIyYEeHUS MOMIE-
JIN CUCTEMBI «MIAPUK—OpPYyxkuHA> (35). 3. Kome6aHus MaaTHHUKA B I10JI€ CUJI TIXKEC-

tu (37). 4. 3akmrouenue (39). Ympaxuenus (40).
§ 4. IIpumep mepapxuy MOmeen

1. Pasnuunbie BapuaHThI OencTBUs 3anaHHon BHemnHeln cuinbl (40). 2. IIBuxkenwne Tou-
KU KPEINJIEHUs, IPYXNWHA HA BpamammeMmcs crepxkue (41). 3. Yuer cum tpenus (42).
4. IlBa TuUna HEJIWHEWHBIX MOLEJIEN CUCTEMBI «UIApUK—OpyxXuHas (44). 5. 3akmoue-

Hue (47). Ynpaxuenus (47).
§ 5. YHUBEPCAJIBLHOCTH MATEMATUUYECKUAX MOMIEIIEN

1. X Kunkocts B U-o6pazuom cocyne (48). 2. KonebaTeabHbIN 3JIEKTPUYECKUN KOH-
Typ (50). 3. Mansie xoneGannus npu B3aMMONENCTBUAU ABYX OUOJIOTAYECKUX IIOILYJIsd-
uuiz (50). 4. [Ipocreiimas Mmomens n3MeHeHUs 3apriiaTel u 3ausToctu (51). 5. 3akiro-

uenwue (52). Ynpaxueuuns (52).
§ 6. HexoTopble MOmesnm IIPOCTENIINX HEJIMHENHBIX 00BEKTOB

1. O mpoucxoxpenuun HenuHenHoctu (53). 2. Tpu pexuma B HEIUHENHON MOOE/IN
nonynaauuu (53). 3. Biauanue CunbpHOR HeJIMHEAHOCTHW HA IIpouecc kosnebamum (55).

4. O uucnenusrx meronax (56). Yupaxuenusa (57).

FJIABA II
ITIOJIYUEHUE MOIEJIEN

N3 PYHIAMEHTAJIBHBIX 3AKOHOB ITPNPONBI

§ 1. CoxpaHeHme MaCChI BEHIECTBA

1. ITorox wacTury B Tpy6e (58). 2. OCHOBHBIE NPENIIOJIOXKEHUS O T'PABUTALVIOHHOM
pexumMe TeueHus rpyHToBbIX BOon (60). 3. Bamanc maccer B ssiemenTe rpyura (61).
4. BambIkaHVe 3aKOHA coxpaHeHus Macchl (63). 5. O HEKOTOPHIX CBONCTBAX YPABHEHUS

Byccunecka (64). Ynpaxueuus (66).
§ 2. CoxpaHeHue >HEPruu

1. IIpenBapuTenbHbIe CBEOEHHUs O mpoueccax remonepemauun (66). 2. BriBom 3akona
dypre M3 MONEKYIAPHO-KMHETUYECKUX npencrasieHun (68). 3. Ypasuenue Gamamca
rersia (70). 4. IlocTaHOBKA TUNUUYHBLIX KPAEBBIX YCJIOBUN OJId YPABHEHUS TEILJIONPO-
BonHocTu (72). 5. O6 ocobennocrsax momesen remsonepenaqau (74). Yupaxueuus (76).

§ 3. CoxpaHeHUe YMCJIa TACTHUII

1. OcHOBHBIE TIOHATHUS TEOPUU TEIJIOBOr0 m3jtydeHus (76). 2. Ypasueume GasraHca
qucna dorouos B cpene (78). 3. Hexkoropwie cBONCTBA ypaBHEHUs MEPEHOCA W3IIyde-

Hus (80). Ynpaxueuus (82).
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OINIABJIEHVE

CoBmMmecTHOe IIpMMEHCHNEC HCCKOJIBKIX (I)YHI[aMeHTaJIbHBIX 3aKOHOB

1. [IpenBapuTesbHBIE IOHATHUA Ta30B0U nuHaMuku (82). 2. YpaBHeHUe HEPa3PBLIBHOC-
T oA cxkmMmaemoro rasza (83). 3. YpasHeuus neuxkeHus rasza (84). 4. YpasHeHue
sHepruu (85). 5. YpaBHeHUsA ra3zoBOl OUHAMUWKU B JIArPAHXKEBBLIX KoopauHarax (86).
6. Kpaesble ycnoBus Oiia ypasHeHuil raszoson nunavuku (88). 7. Hexoroprwie ocoGen-
HocTu monesient raszosonn puHamuku (90). Yupaxueuus (92).

I'NTABA III

MOOEJIN N3 BAPUAIITMOHHBIX IIPUHITUIIOB,
NEPAPXVM MOIIEJIEA

ypaBHeHI/I}E[ ABUXCHN A, BAPDUAIINOHHBIC ITPMHIIWUIIBI 1 3aKOHBI COXPAaHCHIA B

1. YpaBHeHus OBUXKEHUS MeXaHUUECKON cucrembl B popme Hrroroma (93). 2. Ypas-
HeHus asuxkeHus B ¢popme Jlarpamxka (95). 3. Bapuanmonusiin npunnun [NamunasTo-

Ha (99). 4. 3ak0oHBI COXpaHEHUs U CBOWCTBA mpocTpaHcTBa-epeMmenu (101). Ympax-
meuus (105).

MOI[eJII/I HCKOTOPBIX MEXaHNMYCCKNX CHMCTCM

1. MaaTuuk Ha cBoGomuom momsecke (105). 2. Hemoremumambubie kosieGanus (109).
3. Mamnsbie komebanus ctpymubl (111). 4. Onexrpomexanuueckas aHajgorus (115).
Ynpaxueuus (117).

YpaBaenune BbosibiiMaHa B ITPOM3BOMHBIE OT HETO

1. Onucanme COBOKYHOHOCTH YAaCTHUIl C IIOMOMIbIO (yHKunu pacnpenesnenns (118).
2. Ypasuenune Bombumana nna ¢pyaxuum pacnpenenenus (120). 3. Pacopenenenwue
Maxkcsesia u H-teopema (121). 4. YpaBHeHuUs 011 MOMEHTOB (PYHKLUU PACIIPEOEsie-
Hus (124). 5. lHenouka ruaponuuamuydeckux monesenn rasza (130). Ynpaxuenuns (135).

I'NTABA IV

MOIOEJIN HEKOTOPBIX
TPYJTHOPOPMAIJIN3Y EMBIX OB'BEKTOB

Y HUBEPCAIBHOCTh MATEMATUYECKUX MOMEITEM . . . . . « . « . . . .

1. Huuamwuka ckomsienus ame6 (136). 2. Chyuanubmi Mapkosckuii mpouecc (140).
3. Ilpumepsl aHaIOrmii MeXOy MEXaHUYECKUMU, TEPMOOUHAMWUECKMMU M 5KOHOMMU-
geckumy o6bekramm (146). Ynpaxuenus (150).

HeKOTOpBIe MOOCJIN (I)I/IHaHCOBBIX 1N SKOHOMHMYCCKHX IIPpOLCCCOB

1. Oprauumszanus peksamuon kamonauuum (150). 2. Bsaumoszsauer momros mpemnpwusi-
Tuti (154). 3. Makpomonens paBHOBECUs PBIHOYHON skoHOoMuKU (160). 4. Makpomonesn
sKOHOMUYECKOTO pocrta (167). Yupaxuenusa (169).

HexoTopbie Monenu COMepHUYECTBA,

1. BsanmooTHOIIEHUsS B cucTeMe «xuIMHUK—)kepTBay» (171). 2. 'omka BOoOpyxkeHUN

Mmexny neByMms crpaHamu (173). 3. Boesnbie memcrBus nByx apmuin (175). Ynopamxwae-
Hust (179).

IluraMuKa pacOopeneeHnsa BJIACTU B MEPAPXUU

1. O6mas mocranoeka 3amaunm u tepMmunosiorusa (180). 2. Mexanusmbl mepepacnpemne-
JIEHWs BJIIACTU BHYTPHU mepapxudeckon crpyktypsl (186). 3. Banauc snacTu B uncTan-
HUu, yCJIOBUs HA €€ UPAHULAX U mepexon K HenpepsiBuol monenu (189). 4. I[Ipasosas
cucreMa <«BJIACTb—O0mIecTBO>». CTalmoHAPHBIE PaCHpPEnejieHus W BBIXOHN BJIACTH 34
pamvku mostHoMouunii (194). 5. Posib OCHOBHBIX XapaKTEPUCTUK CUCTEMBI B (PEHOMEHE
npesbliiieans (npunnxkenus) siaactu (198). 6. UaTrepnperanus pe3ynbTaToB U BBIBO-

net (199). Yuopaxnaenns (201).

I'JIABA V
VNCCJIEHNOBAHUE MATEMATUUYECKHUX MOIEJIEN

IIpumenenue MeTOnOB mOOOOUS

1. Amanus paszmMepHOCTENl U rPynnoBou ananus moxesnein (202). 2. Asromonensusie (ca-
morono6ubie) nmpoueccet (208). 3. Paznuunbie pexxuMbl pacripoCTPaHeHUsT BO3MY IEHUN
B HeJIMHENHBbIX cpemax (214). Ynpaxuenus (221).

IIpuHIIIT MAaKCMMyMa M TEOPEMEI CPABHEHUA

1. ®opmynupoeka, HekoTopbie cienctBua (221). 2. Knaccudpukanus pexxumos ¢ 060cT-
peunem (226). 3. Pacmupenue «asromonesHOro meronas (229). Yupaxuenus (234).

MeTon ocpenHeHU

1. Jlokamms3oBaHHBIE CTPYKTYPBI B HEJMUWHEWHBbIX cpenmax (235). 2. Pasnwunble crmoco-
6b1 ocpemuenusa (238). 3. Knaccudbwkamus pexmmMOB TOPEHUS TEMJIONMPOBOMHOM Cpe-
ne1 (241). Yopaxueuus (246).
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§ 3.

OI'NNTABJIEHUE

O repexone K 1nMCKpeTHBEIM MOOCJISAM

1. Heo6xommMOCTE YMCIIEHHOT'O MOIEJIMPOBAHUS, dJIEMEHTAPHBIE IIOHSITUSA TEOPUU Pa3-
HOoCTHBIX cxeMm (246). 2. Hemocpencreenuasa dopmanbHas annpokcumarus (251).
3. Narerpo-unrepnonsumonusiii Meron (256). 4. IlpumHOmMn mosHOIN KOHCEPBATUB-
moctu (259). 5. ITocTpoeHue Pa3sHOCTHBIX CXEM C IIOMOIIBID BAaPUALMOHHBIX IIPUH-
uunos (262). 6. Ncnonb3oBanue mepapxm4ueckoro rmoaxona K MOJIyYeHUIO OUCKPETHBIX
moxenen (265). Yupaxuenus (269).

I'NTABA VI

MATEMATUNYECKOE MOIOEJIMPOBAHUE
CJIO2KHBIX OB'BEKTOB

3amadyl TeXHOJOTNA 1 SKOJIOTUU

1. Pusuuecku «Ge3onacHbI» anepubid peakTop (270). 2. M'uoposoruueckun «6apbep>
NPOTHUB 3arpss3HeHus rpyHToBbIX BOm (274). 3. ChoxuHble pexmMbl O0TEKaHUS TeEJ
raszom (277). 4. DKOIOTWYECKU NPUEMIIEMbBIE TEXHOJIOTAN CXKUTAHUS yTJIEBOOOPOMHBIX
ronaus (281).

(DYH,I[ AMCHTAJIBHBIC HpOﬁHeMBI €CTECTBO3HAHNA

1. Hemuuenianbie sddexTsl B jazepHonn TepMmosnepHon miasme (283). 2. Maremaru-
gyeckas pecraBpauus Tyurycckoro ¢genomena (288). 3. Knmmarmueckme mocienct-
Busa snepHoro koHdumkTa (292). 4. MarumrorugponnHaMmudeckoe «amHaMmos» CosiH-
ma (296).

BeancauTeIbHBIN  SKCIIEPUMEHT C MOOEJIAMEN TPYIHODOPMAIN3YyeMbIX
00BEKTOB
1. Muccunarupubie GMOIOTUUIECKUE CTPYKTYPHI (299). 2. IIpomecchl B IEpeXoOmMHON 5KO-
momuke (302). 3. ToranurapHble M aAHAPXUYUECKVE >BOJIONNN PACIIPENESIEHUS BIACTU
B uepapxusax (306).
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Ceemaoti namamu axademura
Andpea Huxoaaesuua Tuzonosa
NOCEIWAEMNCA

BBEIEHUNE

HeBo3MoxHO mpencTaBuTh cebe COBPEMEHHYIO HAyKy 0e3 IIMPOKOTO
IIPUMEHEHNS MaTEeMATUYEeCKOTO MonenupoBanus. CyIIIHOCTL YTON METOHO-
JIOTUU COCTOUT B 3aM€EHE MCXOMHOTO OOBEKTA €ro «00pa3oM» — MATEMATU-
JEeCKON MOMEJILI0 — U OAJIbHEUIIEM M3YUYEHUN MOENIN C MOMOIIBI0 peain-
3YEMBIX Ha, KOMIILIOTEPAX BEIUUCIUTEILHO-JIOTUUECKUX aJITOPUTMOB. D TOT
«TPETUM METOM» MO3HAHUSI, KOHCTPYUPOBAHUSI, IPOEKTUPOBAHUSI COUETa-
eT B cebe MHOTHME TOCTOMHCTBA KaK TEOPUM, TaK 1 dKcuepumeHTa. Pabo-
Ta HE C CAMUM OOBEKTOM (SIBIIEHMEM, IIPOIECCOM), a C €r0 MOMEJIBIO MAET
BO3MOXKHOCTBE 0€300J1e3HEHHO, OTHOCUTEIBHO OBLICTPO 1 0€e3 CyNIeCTBEHHBIX
3aTpaT UCCIENOBATh €r0 CBOMCTBA U IIOBENEHUE B JIIOOBIX MBICIUMBIX CHU-
Tyanusx (IpeuMyIecTBa Teopun). B To ke BpeMsi BEIMUCIUTENbHBIE (KOM-
IBIOTEPHBIE, CUMYJISIINOHHBIE, UMUTAIIMOHHBIE ) SKCIIEPUMEHTHI C MOMIEIISIMIA
OOBEKTOB IIO3BOJIIIOT, ONIMPAasICh HA MOIIb COBPEMEHHBIX BBIUMCIINTEIbHBIX
METONOB U TEXHUUYECKUX MHCTPYMEHTOB MHOOPMATUKHU, TOAPOOHO U TIIy-
O0KO m3y4aTh OOBEKTH B JOCTATOUYHON IIOJTHOTE, HENOCTYIIHON YUCTO TEO-
PeTUYECKUM MOAXOmaM (IpemMyIecTBa SKCIepuMenTa). HeynusurenbHo,
YTO METOMOJIOTHUI MATEMATUIECKOTO MOOEINPOBaHAI OYPHO Pa3BUBAETCH,
OXBATBIBAS BCE HOBBIE CHEPBI — OT Pa3pabOTKU TEXHUUYECKUX CUCTEM U
VIOPABIECHUS UM OO aHAJIU3A CIIOXKHEUIINX SKOHOMUYIECKUX U COIMAIIbHBIX
ITPOIECCOB.

DJIEMEHTHI MaTEMAaTUYECKOTO MOIEJINPOBAHUS MCIOJIL30BAJINCH C Ca-
MOT'O HAYaJla MHOSBJIEHMS TOUYHBIX HAYK, M HE CIIYyUYalHO, YTO HEKOTODPLIE
METONBI BBLIUMCIIEHUI HOCAT HMeEHa Takmx KopudeeB Hayku, Kak Hbro-
TOH U OWJIEP, & CIOBO «aJITOPUTM» IIPOUCXOOUT OT UMEHU CPEIHEBEKO-
BOTO apabckoro ydenoro Anb-Xopesmu. BTopoe «poxpernues 5TOl MeTO-
IOJIOTUN ITPUIIIOch Ha KoHel 40-x—mauaso 50-x rogoB XX Beka 1 OBLIIO
0Oy CIIOBJIEHO IO KpalHel Mepe AByMs npuumHamu. llepBas m3 Hux — 110-
apienne OBM (koMIbIOTEPOB), XOTS ¥ CKPOMHBIX II0 HBIHEIITHUM MEPKaM,
HO TeM He MeHee M30AaBUBIINX YVUEHBIX OT OI'POMHON MO 0OBEMY Py THUHHON
BBEIUMCIINTEIILHON paboThl. BTOpas — OecnpeneneHTHRIN COMUAILHBIA 3a-
Ka3 — BRINOJHeHne HannoHaabHbIX nporpaMM CCCP u CHIA no cosmanuio
PaKETHO-SIEPHOTO IINTA, KOTOPLIE HE MOTJIN OBITH PEAJIN30BAHBI TPAOUIIN-
OHHBIMH MeTomaMu. MaTeMaTrmieckoe MOOEJINPOBAHNAE CIIPABUIIOCH C DTOM
3aJauen: SAepHbIe B3PBIBBI U IIOJIETHI PAKET U COYTHUKOB OBIJIM HIpEnBa-
PUTEIBHO «OCYIIECTBIEHEI»> B Heagpax OBM ¢ moMoIIbo MaTeMaTUIECKIX
MOMEeJIell U JINIIL 3aTeM IPETBOPEHBI HA MPAKTUKE. JDTOT yCIeX BO MHO-
TOM ONPENeinyl OaJIbHEUIINE OOCTUXKEHUS MEeTONOIOTHMN, 6e3 IpUMeHEHU]
KOTOPOU B PA3BUTHIX CTPAHAX HU OAWH KPYTHOMACIITAOHBIN TEXHOJIOTU-
YECKNM, YKOJIOTUYECKUN NI SKOHOMUWYECKHUN IIPOEKT TENEPh BCEPLE3 HE
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paccCMaTPUBAETCS (CKA3aHHOE CIIPABENJINBO U IO OTHOIIEHUIO K HEKOTO-
PBIM COITMAJILHO-TIOJINTUYECKM IIPOEKTAM ).

Cenuac MaTeMaTUYECKOE MOAEJINUPOBAHNE BCTYIAET B TPETUU IPUH-
IITINAJIBHO BaXKHBIM ATAIl CBOETO PAa3BUTHUSA, «KBCTPAMBASCH> B CTPYKTY-
PBI TaK HA3BIBAEMOTO UHPOPMAYUOHHO20 00uecmea. BneuaTnsaiommit mpo-
I'pecc CpencTB nepepaboTKM, Iepenadn u XpaHeHnss THPOPMAIIUN OTBEYAET
MUPOBBIM TEHOEHIIUSAM K YCIOXHEHUIO U B3AMMHOMY NPOHUKHOBEHUIO Pa3-
JIMYHLIX chep JeIOBeUeCKON nesaTelIbHOCTU. be3 Brnanenus nadOpMaloH-
HBIMU «PECYypPCaMI®» HEJIb3s U OyMaThb O PelleHuu Bce Ooiee YKPYIHSIIO-
ITUXCI U Bce OoJiee pa3sHOOOpPA3HBIX ITPOOIEM, CTOAIIUX Iepel MUPOBBLIM
coobiiecTBoM. OnHako nHGOPMAIINSI KK TAKOBASA 3a4aCTYIO MaJIO UTO Ha-
eT OIS aHaJIN3a U HPOTHO3a, NI IMPUHATUS PEHICHU U KOHTPOJIS 33 UX
rcrojiHenneM. HyXHBI HamexXHBIE CHOCOOLI mepepaboTKM MHOOPMAIIOH-
HOTO «CBIPLSI®» B TOTOBBIA «OPOOYKT», T. €. B TOUHOe 3HaHHMe. McTopus
METOHOJIOTUN MATEMATUUYECCKOTO MOOEINPOBAHUS YOEKIACT: OHA MOXKET 1
IOJIKHA, OBLITHL UHMEAACKNYAALHBIM A0DOM MHOOPMAIMOHHLIX TEXHOJIOT N,
BCEro IIpoIiecca naHpopMaTA3anmumu OOMIeCTBA.

Texnuueckme, SKOJIOTUUECKNE, SKOHOMUYIECKNE U MHLIE CUCTEMBI, 13-
y4yaeMble COBPEMEHHOW HAyKOW, OOJIbIe He MOMIAITCS WCCIIENOBAHUIO (B
HY>HOU IIOJTHOTE W TOYHOCTHM) OOBLIYHBIMU TEOPETUUYECKIMU METOMAMIU.
[IpsaMoii HATYPHBIA SKCOEPUMEHT HAO HUMHU J0JIOT, IOPOT, YacTo JmbOo
OmaceH, JnbO MONMPOCTY HEBO3MOXKEH, TaK KaK MHOTHE M3 HTUX CUCTEM
CYIIECTBYIOT B «EIMHCTBEHHOM 3K3eMILIsapes. llerHa ommbok m mpocueToB
B OOpallleHNW C HUMHU HEOOIMyCTUMO BBICOKA. [lovToMy mamemamuueckoe
(wupe — undopmayuonmnoe) Modeauposanue A8AIEMCA HEUIOEHCHOT CO-
CNABATIOUET HAYUYHO-METHUYECKO20 TPO2PECCAa.

Cama moCTaHOBKA, BOIIPOCA O MATEMATUIECKOM MOMEINPOBAHNN KAaKO-
rO-Tn00 OOBEKTA MOPOXKIAET YeTKUN TIJIaH OelCTBUM. ETO MOXKHO YCIIOBHO
pa3dbuTh HA TPU HTAMA: MOJeab — GAZOPUMM — NPOZPaMMA (CM. CXEMY ).

Monenn

O6BeKT

[Iporpamma Anroputm

Ha mepBoMm sTame BeiOupaercs (MM CTPOUTCS) «DKBUBAJIEHTS 00BEK-
Ta, OTPAKAIIIUN B MATEMATUIECCKON (DOPMe BAXKHEUIINE €0 CBOUCTBA, —
3aKOHBI, KOTOPBIM OH MOAUYMHSAETCS, CBA3M, IPUCYIIINE COCTABIISIONIAM €T0
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yacTsaM, u T. I. MaTemaTudeckas Momenb (uiu ee pparMeHTHI) UCCIIemy-
eTCS TEOPETUUECKIMN METOMAMM, UTO IIO3BOJIIET HMOIYUYNTh BaKHBIC IIPE]I-
BapuTeIbHBIE 3HaHUA 00 OOBEKTE.

Bropoit sTan — BuI6Op (uu pa3spaboTKa) aJITOPUTMA, IJIs PEATU3AIUN
MOMEJIM Ha KoMIbioTepe. Momenb npencrapisgeTcsa B GopMe, YOOOHON HJIs
IIPUMEHEHNS YUCICHHBIX METOMIOB, OIPENEIIIeTCS IMIOCIEN0BATEIILHOCTD BhI-
UNCJINTEIBbHBIX 1 JIOTUYECKIX OIIEPAIlnil, KOTOPHIE HYKHO IIPOU3BECTH, ITO-
OBI HAMTU MCKOMBIE BEJIMUMHBL C 33 JaHHON TOYHOCTBIO. BEIUucInTenbHbIE
AJITOPUTMEL HOJIXKHEI HE NCKAaXKaTh OCHOBHLIE CBOMCTBA MOMAENN U, CIIEIOBa-
TEJILHO, NCXOOHOTO O0BEKTAa, OLITH SKOHOMUYHLIMY 1 AIAIITHD YIOIITUMUACS
K OCOOEHHOCTSM PeNIaeMbIX 33434 1 UCIOJIB3YEMBIX KOMITBIOTEPOB.

Ha TperneMm »Tame co3marloTcCs IIPOTPAMMBI, IIEPEBOMAAIINES MONEID
I AJITOPUTM Ha OOCTYIHBIN KOMITLIOTEPY S3BbIK. K HUM TakxXe OpenbiB-
JITI0OTCSI TPpeOOBAHMS YKOHOMUYHOCTHY 1 aJa0TUBHOCTH. VIX MOXHO Ha3BaTh
«BIIEKTPOHHBIM> YKBUBAJIEHTOM N3y4a€MOT0 OOBEKTA, yKe ITPUTOOHBIM I
HEIIOCPEOCTBEHHOTO MCIILITAHWSA HA «3KCHEPUMEHTAJIBLHON YCTAHOBKE®» —
KOMITLIOTEPE.

CoszmaB mpuady «MOOENb—AaJITOPUTM—IIPOrPaAMMay, UCCIEIOBATEND
IIOJIy4YaeT B PYKM YHUBEPCAJIbHBIN, THOKUU M HENOPOTOU MHCTPYMEHT, KO-
TOPBIA BHAYAJIE OTJIAXKNBACTCSI, TECTUPYETCI B KITPOOHLIX> BEIUNCINTEIb-
HBIX SKcIepuMenTax. [locie Toro kax adexsamuocmsy (MOCTATOYHOE COOT-
BETCTBUE) TPUAMLI UCXOMHOMY OOBEKTY YIOCTOBEPEHA, C MOMEIIBLIO IIPOBO-
ISITCS Pa3HOOOPA3HBIE W MOANPOOHBIE KOIILITHLY, MAIOIINE BCe Tpebyemble
Ka4eCTBEHHbBIE I KOJIMYECTBEHHBIE CBOMCTBA M XapaKTEPUCTUKI OOBEKTA.
[Ipomecc MomeTMpoOBaHMS COIIPOBOX OAETC YIIYUIIEHNEM W Y TOUYHEHUEM, TIO
Mepe HeoOXOOMMOCTH, BCEX 3BEHLEB TPUAIHL.

bynyuu meTomonorueil, MaTeMaTHIeCKOe MOIEINPOBAHIE He TIOAMEH -
eT coOON MaTEMATUKy, GU3NKy, OMOJIOTUIO U OPYTUe HAYUYHBIE OUCITUILIIN-
HBI, HE KOHKypupyeT ¢ Humu. HaobopoT, TpyaHO IepeoleHUTh €ro CHUH-
TEe3UPYIOIyI0 poiib. Co3manme m IpuUMeHeHre TPUuaabl HEBO3MOXHO 0e3
OIIOPBI HA CaMbI€ Pa3HBIE METONBI M MOAXOOBI — OT KadYeCTBEHHOI'O aHa-
JIN3a HEJIMHEMHBIX MOMEJIE OO COBPEMEHHEBIX SI3LIKOB IIPOTPAMMUPOBAHMNS.
Omo maeT HOBLIE MOIOJIHUTEILHBIE CTUMYJILI CAMBIM PA3HBLIM HAIIPaBIICHN-
SIM HAYKMU.

PaccMmaTpuBas BOIpoc mupe, HAIIOMHUM, YTO MOAEINPOBAHNE IIPUCY T-
CTBYET MOUYTH BO BCEX BIUOAX TBOPYECKON aKTWMBHOCTHU JIIOAEH PA3IMIHBIX
«CIIEMUAJILHOCTEN»> — MCCIIENOBATEIIEN U IIPENIPUHUMATEIIEN, IIOJINTUKOB
I BOeHAUaJbHUKOB. [IpuBHECeHNE B 3TU ChHephl TOYHOTO 3HAHUSI IIOMOTAET
OI'PAHNYNTL UHTYUTUBHOE YMO3PUTEIHLHOE «MOOEINPOBAHNAES, PACIINPAECT
II0JI€ TIPUIIOXKEHNN PAIIMOHAJILHBIX METOOOB. KOHEUHO Xe, MaTeMaTIIeCKOe
MOOEITUPOBAHNE INIONOTBOPHO JIMIIIL TPY BBIMOJIHEHNY XOPOIIO M3BECTHBIX
PO ECCUOHAILHEIX TpeOOBaHMUM: YeTKas GOPMYINPOBKA OCHOBHBIX IIOH -
TUAY W IPENIIOJIOXKEHNN, aITOCTEPUOPHBIN aHAJIN3 a,0€KBATHOCTU UCIOIb3Yye-
MBIX MOMEJIEHN, TapaHTUPOBAHHASI TOTYHOCTD BEIUYUCINTEILHBIX aJITOPUTMOB
1 T. O Ecim xe TOBOPUTL O MOOEIUPOBAHUU CUCTEM C YIACTUEM «UEJIO-
BEUYECKOTO GaKToOpas, T. . mpydnoPopmaiusyemvis 00-eKxmos, TO K STUM
TpeboBaHUIM HEOOXOAUMO NOOABUTH AKKYPATHOE pa3rpaHUUYEHe MaTeMa-
TUYECKUX U XKUTEWCKAX TEPMUHOB (3ByUaAIIUX OMWHAKOBO, HO MMEOLIUX
Pa3HBIA CMBICIT), OCTOPOXKHOE IIPUMEHEHIE YKe TOTOBOTO MaTeMaTHIECKO-
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rO anmapaTa K U3YyYEHUI0 SBJIEHUN W MPOLECCOB (IIPEenmouYTUTENIeH MyTh
«OT 3a[a4M K METOMY>», & He Ha000OpOT) U Psii OPYTUX.

Pemras npobnemMbl mHPOPMAIIIOHHOTO 00I1IeCTBAa, OBIIIO ObI HAMBHO YIIO-
BaTh TOJIBKO Ha MOIIL KOMIBIOTEPOB 1 MHEIX cpencTB mHpopMmaTuku. Ilo-
CTOSIHHOE COBEPIIIEHCTBOBAHNE TPUAILI MATEMATHUIECKOTO MOAEIINPOBAHM S
I ee BHeOpeHNEe B COBpPeMEHHbIe MHAOOPMAIIMOHHO-MOIEIUPYIOIINe CUCTe-
MBI — Mmemodoao2uueckuti umnepamus. JINIL ero BLIIOIHEHNE JAET BO3-
MOXKHOCTB MHOIYYaTh TaK HYXHYIO HAM BBICOKOTEXHOJIOTUUIHYIO, KOHKY-
PEHTOCHOCOOHYIO U PAa3HOOOPA3HYIO MATEPUAIbHYIO U MHTEIIEKTYAIbHYIO
ITPOOYKITHUIO.

PasnuuabiM acnekTaM MaTEMATUUIECKOTO MOJEJIMPOBAHIS MTOCBSIIEHO
HEMAJIO, XOTs IBHO HEOOCTATOYHO, XOPOLUINX 1 Pa3HbIX KHUT. IIpu Hammca-
HIIM OAQHHOW KHUTU aBTOPHI CTABUJIM mHepen cobOU Iejib OTOOpaTh M U3-
JIOXUTH MOOXONLI K TOCTPOEHUIO M aHAJIMN3y MaTEeMaTUUYECKUX MOIEJIen,
o0IIme mJisd pas3jmIHBIX O0JIacTel 3HAHUS, He 3aBUCAIINE OT KOHKPETHOU
creruuky. OKpPyKaOIMUHA JTII0OOEH MUADP eOUH, U UCCIenoBaTenn 5bPeKTUB-
HO KUCIIOJIB3YIOT 3TOT Aap NPUPONBI, BEIPDAXKAIOIINNCI B TOM ULCIE B YHU-
8EPCAALHOCMYU MATEMATUUIECKUX Momejen. Koneuno, comepxkaHue KHUTH
CBS3aHO B OIPENEJICHHOM Mepe C JIMYHBIM OOLITOM aBTOPOB. TeM He MeHee,
IIPUAEPAKUBAICH COOPMYINPOBAHHON BHIIIE TOUYKM 3pEHUSI, HaM OBIJIO Jier-
e pacHIupsATh PAMKHU MU3JIOXKEHUS U JeMOHCTPUPOBATH HIMPOKIE BO3MOXK-
HOCTU MATEMATUUYECKOTO MOAEINPOBAHNS — OT MEXAaHUKU OO COIMAJIbHBIX
HayK. OTHUM, KaK IOJIaral0T aBTOPLI, JAHHAS KHNATA 1 OTINYAETCI OT KHUT
HAIIIUX KOJIJIET.

YHTo KacaeTcsa CTUIS KHUTY, TO MBI CTPEMUJINCHL M30eraTh TPOMO3/I-
KUX W CTPOTrUX Mporenyp (KOTOpbIE 3aMHTEPECOBABIIMNCS UYNTATEIb MO-
KeT HAWTH B CIENMAJIbHBIX M3OAHMUIX), a 00pallajnm OCHOBHOE BHUMAHIE
Ha OIMMCAHUE UMOEH 1 COOTBETCTBYIOIIUX UM OpuMepoB. IlosToMy kHuUra CO-
NepKUT OONBINOE KOJIMYIECTBO MIINTIOCTPAINN U YIIPAXHEHN, €€ MaTEePUaJl
06e3 0CcOOBIX 3ATPYMHEHUUN MOXKET OBITh MCHOJIB30BAH MJid POPMUPOBAHUS
y4eOHBIX KYPCOB MO PAa3JIMYHBLIM KOHKPETHHIM HAIPaBJIEHUSIM MaTEMaTH-
IeCKOTO MOIEJIMPOBAHUSI.

Hebonbiroin oO0beM KHUTH HE MO3BOJIMII OCBETHUTDH PSII BaXKHBIX TEM;
XOTeJ0Ch OBl HoJlee MOAPOOHO PACCMOTPETh NOAXOALI K IMOCTPOEHMUIO IUC-
KPEeTHBIX MOMEJIEd 1 UNCIIeHHbIE METOMIBI, BOIPOCH «OCHAIIIEHUS» MOOEIen
1 X MOCHTUDUKAINN, IX CAHTEe3a 1 Aekomoo3unuy u T. 1. I11o aToi xe mpu-
YIHE CIUCOK JIUTePATYPhl BKIIIOUAET JINIITb HEOOXOOUMBIN MUHUMYM — 3TO
b0 pabOThI, PE3YILTATHI KOTOPHIX HEMOCPEACTBEHHO OTPAXKEHELI B TEKC-
Te, IO KIII0UeBble KHUTH, TOe MOXHO HAUTHU NAJIbHEUINNE CCHIIKUA.

[loobop mMaTepumasia m MaHeEpa ero M3JIOXKEHUSI OTBEYAI0T KOHIEHIIU-
SIM OTeYEeCTBEHHON IIKOJIBI MaTeMaTUYeCKOTO MOOeIMPOBaHsI, BCeTOa Ha-
XOMUBIIEUCS HA MHPOBOM YPOBHE W INMUPOKO TPAKTYIOIIEW MAHHYIO Me-
Tomosiornio. llosToMy MBI He MOXKEM Ha3BATh BCEX CBOMX KOJIJIET, OO-
IITeHEe C KOTOPBIMU TaK WM WHade IIOBJIMWSJIO Ha COOepXKaHue KHUTH.
ABTOpBLI CUMTAIOT CBOMM IIPUATHEIM OOJITOM IOOJIATOOAPUTE HOKTOPA,
dusuko-maTemaTudeckux Hayk H. B. 3murpenko, B3gsiiero ma cebs me-
JIETKUW TPy O NPOUTEHUIO PYKOIMCU U CHEIABIIETO PO IEeHHBIX 3aMe-
YaHUN, MOKTOPOB (u3mko-maTemaTudeckux Hayk b. H. Hermepymikuna,
B. ®. Tumkunna m akanmemnka PAH A. A. IlerpoBa 3a mnpemocraBiieH-
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HBIe MAaTEPUAJIbl 1 IIJIIOAOTBOPHBIE OUCKYCCUX IO aKTYAIbHBIM OpOoOIeMaM
MAaTEMaTUIECKOTO MOOEINPOBAHNSA. ABTOPEI IPU3HATEILHEI TAKXKe ITOKTO-
py dusuko-maremMarndecknx Hayk B. 7. KapnoBy, xammumaTty ¢usunko-
maTemarundeckux Hayk A. E. KoponeBy, kanoumaTy TeXHHUYECKUX HAYK
B. A. OscsauuukoBy, naxenepy B. . 3enenneny, skonomucty O. A. by-
ceiruny, dnanancucty H. V. Konerbko 3a monesHnoe obcy kK meHmne HEKOTOPBIX
CITEINAIILHBIX BOIPOCOB. MuI OmaromapHbl Takxke coTrpynHukaMm UacTrTy-
Ta MaTeMaTudeckoro mogenuposanus PAH H. I'. Cuporenko u A. C. Bous-
IapeBy, TPOoGEeCCUOHAIIBLHO N3TOTOBUBIIINM OPUTUHAJI-MaKeT KHUTH.

Hameemcst, uTo Hallla kHUTA OymeT MHTEPECHa U IOJIe3Ha KaK HauU-
HAIOIIUM, TaK U ONBITHBIM MCCJIENOBATENSIM U NMeAaroraM, UCHoIb3yHOIINM
MeTOObI MATEMATUUYECKOTO MOMEIMPOBAHNS M BBIUNCINTEILHOTO YKCIEPU-
MEHTAa B CBOEU HAYYHOU NEATEJIbHOCTHU.

Mocksa, mioHb 1997 T. A. A. Camapckuiti, A. II. Muzatiaos

Brrimmreniree B CBET OKOJIO TPEX C IIOJIOBUHONM JIET HA330 IEPBOE M3MAHIE
HaIlell KHUTK (ee aHTIIMACKWY epeBof OyneT OnybIIuKOBaH B TEKYIIIEM TO-
Iy KPYIHBIM OpuTaHCKUM m3naTelbcTBOM « Taylor and Francis publishing
group» mon HaspanueM «Universal Principles of Mathematical Modellings)
OKAa3aJI0Ch BECHhMA, BOCTPEOOBAHHBIM — MBYXTBLICAUHBLIA THUPAXK PA3OIIETICS
B TE€UEHUE TPEeX-UeThIPEX MECAIEB, MHOTUE KOJIJIETH OOpaIIalnch K HAM C
IpocLOO MOMOYL B ee mpuobperenun. K coxasienuio, O0JILIITHCTBO 3TUX
IIpOChO aBTOPHI YIOOBJIETBOPUTH He MOTJIM. MBI HameeMcsd, ITO BTOPOeE, 1C-
IIpaBJIEHHOE U3OAHNE B 3HAUUTEIILHOU CTEIEHN CMATUUT 3TOT OOBACHUMBIN,
HO HeXeJIaTelIbHBIN Ne@UIIUT 1 IIOMOXKeT, Yepe3 pacIlllupeHne Kpyra dnTa-
Teller KHUTH, TaJIbHEUIIEMY PA3BUTUIO OTEUYECTBEHHON ITKOJIBI MATEMATH-
YECKOTO MOOEITNPOBAHUS.

Mocksa, mapt 2001 r. A. A. Camapckuii, A. II. Muzataos



[''TABA I

ITPOCTEUIIINE MATEMATHUYECKHWE MOIEJIN
N OCHOBHGLIE ITOHSA TN
MATEMATAYECKOI'O MOOEJINPOBAHWUA

§ 1. BHemeHTaprIe MaTeMaTn4deCKMlue MoaeJiln

PaccMoTpuM HEKOTOpBIE MOOXOALI K IIOCTPOSHUIO NPOCTEHIINX MaTe-
MaTUUECKIX MOOENEH, MILIIOCTPUPYIOIIUE IpUMeHeHne QyHIaMeHTaIbHbIX
3aKOHOB IIPUPOILI, BAPUAIMOHHLIX IPUHIIAIIOB, aHAIOT UM, NePAPXUIECKIX
mernouek. HecMoTps Ha MPOCTOTY, NPUBIIEKACMBINA MATEPUAII JACT BO3MOXK-
HOCTL HAUYATL OOCYXOCHNE TaKUX HOHATHUMN, KaK aleKBATHOCTEL MOIEJIC,
X «OCHAIIEHNES, HEJIMHENHOCTD, YUCICHHAS PEAIU3alusd U PALa OPYTUX
IPUHINNINAILHLEIX BOIPOCOB MATEMATHUECKOTO MOOEINPOBAHNS.

1. ®yumameHTaJbHBIE 3aKOHBI IIpumpoabl. Haubonee pacmpo-
CTPAHEHHLIA METOH IIOCTPOEHUSI MOIEJIel COCTOUT B HpUMEHeHuu QyH-
IaMEHTAJLHELIX 33KOHOB IPUPONLI K KOHKPETHON CUTYAIMU. OTU 3aKOHLI
OOLIENIPU3HAHLI, MHOTOKPATHO IIOATBEPXKIECHELI OILITOM, CIIY2KAT OCHOBON
MHOXKECTBA HAYYHO-TEXHMUYECKUX mocTuxkenui. IlosTomy ux oOoCHOBaH-
HOCTH HE BLI3LIBACT COMHEHUI, YTO, IIOMUMO BCEIrO IIPOYEro, 00ECIeUYnBaeT
MCCJIENOBATEII0 MOIITHYIO IICUXOJOrNYEeCKy0 nomaepxKy. Ha mepsuiil niian
BBIIBUTAIOTCS BOIIPOCHI, CBA3AHHLIE C TE€M, KAKOl 3aKOH (3aKOHBI) CIIEIyeT
IPUMEHATEL B JAaHHOM CJIy4ae U KaK 5TO JelaTh.

a) Cozxpanenue snepaut. DTOT 3aKOH M3BECTEH IIOUTHU OBECTHU JIET
U 3aHUMAeT, IOXKAJIyH, HaubOJee IIOYETHOE MECTO CPEOM BEeJIMKUX 33KO-

HOB npuponsl. Ilosarasce Ha HEro, SKCIEpPT 10
GalTICTIKE, KETAIONi OBICTPO ONPeNeNTh Ll

CKOPOCTh PEBOIBLBEPHOU IIyIWM M HE WMEIO- .

I TOOJIM30CTH CHENMAILHON J1abOpaTOPUN, = N
MOXKET BOCTIOIB30BATHCS OTHOCATEIBHO TIPOC- 14 \\
THIM YCTPOMCTBOM THINA MAaATHUKA — TPYy3a, \N

IIOABEIIIEHHOTO Ha, JIETKOM KE€CTKOM 1 CBOOOIHO
BparmatomneMmcs crepxue (puc. 1). Ilyma, zact-
pABILIasS B IPy3€, COOOIIUT CUCTEME «Imyiads— .0 M
T'PY3» CBOI0 KMHETMYECKYIO SHEPTUIO, KOTOPAas

B MOMEHT HaMOOJILIIETO OTKJIOHEHMS CTEPKHS

OT BEPTUKAJIN IIOJTHOCTLIO EPEAET B MOTEHINAJILHYIO SHEPTUIO CUCTEMEL.
OTHU TPAHCHOPMAINHN OIMCEHLIBAIOTCS IIEIIOUYKON PABEHCTB

Puc. 1

2 :(M—I—m)%z:(M—l—m)gl(l—cosa).

mu
2
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3mecs mv? /2 — KuHeTHWYecKas 3HEPrus Iy MACCHL 1M, MMEIOLIeH CKO-
pocTh v, M — Macca rpy3sa, V — CKOPOCTBL CUCTEMEI «IIYIIS—TPY3» Cpa3y
ITOCJIe CTOJIKHOBEHUS, § — YCKOPEHUWEe CBOOOMHOrO ManeHuA, [ — miImHa
CTEPXKHS, @ — YIroJI HaumbOJIbIIero OTKJIOHeHus. MlckoMmas CKOpOCThH OIpe-
nessieTcst GopMyIion

U:\/2(M—|—m)gl(1—cosa) (1)

KOTOpas 6yIeT BIIOJIHE TOYHOM, €CJIM He YUUTLIBACMBIC HAMU IIOTEPU SHEP-
'Y Ha, Pa3orpeB IIyIU U TPy3a, Ha NIPEONOJICHUE COIPOTUBIICHUS BO3MIY-
Xa, PA3TOH CTEDPXKHA U T. I. HEBEJIUKU. OTO, HA IEPBLIA B3TIIAL, Pa3yM-
HOE PACCYyXKIECHME Ha CaMOM Oeje HeBepHo. lIporecchl, npoucxondiime mpu
KCIIMIIQHUIS [N U MasATHUKA, YK€ HE ABJILIOTCI YUCTO MEXAHUYECKIMU.
[TosTOMY IPUMEHEHHLIN NI BLEIUYMCICHNUS BEJINYNHLL V 3aKOH COXPAHCHUI
MEXaHNYECKON SHEPT N HECIPABEIIINB: COXPAHICTC IIOIHA, 4 HE MEXaHU-
yeckas sHeprud cuctembl. OH maeT UL HUXKHIOI CPAHULY IS OIEHKM
CKOPOCTHU TyJiu ([JIsi TPABUIILHOTO PEIEHUs] 9TOM MPOCTON 3aJaUM HAIO0
BOCITOJIB30BATHCS TAKXKE 3aKOHOM COXPAHEHUS UMITYJILCa, — CM. ymp. 1).
CxomHble pacCyXKOCHUS MOXET NPUMEHUTL U MHXKEHED [JId OLCHKU
BPEMEHM 1, CBEPJICHUS CJIOd METAJIIa TONMIIMHLL L JIa3epOM € MOIIHOC-
ThI0O W, U3iIydeHne KOTOpOro NEPIEHINKYIIPHO IIOBEPXHOCTY MATEPUATIA,
(puc. 2). Ecnu sHeprus nasepa MOIHOCTBIO WOET HA, UCIIAPEHNE CTOIOUKA

%% 1%% | %%
s T 7777 k& //////; y// A
t=0 ? ? ” %
7 7 7 "
7 /) %
/) % /) %
g L [(t) e %
] % /) %
7 % 7 %
7 7 7 “
Avvyvvyp |y 7 72y
? Y 7 ?
(REEREEEEEG 7 %
% 7
0 < t<ty I(t + dt) Z ?
% %
222 B AR | 22

t = t;

Puc. 2. HavasgbHasg, TpoMexXyTOUHad U KOHEUHAd CTAIUU CBEPJICHUS METAJIIIa,
JIa3epoM

meTaJsita Mmaccerl LSp (S — obnywaemas momans, LS — obbeM cTonbuka,
p — IUIOTHOCTBL BEIIIECTBA), TO 3aKOH COXPAHEHUS SHEPTUU BBIPAKAETCS
PaBEHCTBOM

Eo = Wt = hLSp, (2)

roe h — sHeprus, TpebyeMas OJjid UCIAPEHNUS eOUHUNBI MacChl. Bemumunna,
h umeer cocrasuyio cTpPyKTYpy: h = (Tyy — T') h1 + he + h3, IOCKOIBKY
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MaTepraJ HeOOXOMMMO MOCIENOBATEILHO HATPETh 10 TEMIIEPATYPHI IIJIaB-
neans Ty, a 3aTeM pACIUIAaBUTL U NpeBpaTuTh B nap (1T — umcxomuas
TeMIIepaTypa, hi — yOelbHas TeIJIOEMKOCTD, ho 1 i3 — COOTBETCTBEHHO
yIeTbHAS TEMI0Ta MIABJIEHUS U TapooOpPaA3OBAHUS ).

N3menenune riybunel BeieMKH [(t) CO BpeMeHEM OIpEeNeseTcs U3 me-
TaJLHOrO 0OaJIaHCa, YHEPrum B IPOMEXYTKe BpeMmenu oT ¢t mo t + dt. Ha
VCIIAPEHHYIO 33 3TO BPEMS MacCCy

1(t+dt) — 1(£)] Sp = d Sp

TpaTtutTcsa >ueprus dl hSp, paBuas saeprum W dt, coobiiaeMon BeIIeCTBY
JIa3€POM:

dlhSp = W dt,
OTKYa Imony4daeTcsa nudpdepeHnnaibHOe YPaBHEHUE

a_w
dt hSp’

Ero maTerpupoBanme (C yueTOM TOrO, YTO HAUAILHAS TIIyOMHA BLIEMKN
paBHA HYJIIO) HAeT

W E(t)
(t) = —t = ——, 3
)= 155"~ 75y (3)
roe F/(t) — Bcs SHepPrus, BBIAEIIEHHAS JIa3€pOM K MOMEHTY BpeMeHu t.

CrenoBaTenbHO, TIYOMHA, BLIEMKM MIPOMIOPIIMOHAJILHA 33 TPAYEHHON YHED-
ruy (IpUIeM BeIudunHa ty, korna [(t;) = L, coBmamaeT ¢ BEIMUCICHHOR 10
dopmyne (2)).

B mencTBUTENBHOCTH IIPOLECC CBEPIIEHMSI TOPA3l0 CJIOXKHEEe PACCMOT-
PEHHOU CXEMBLI — SHEPrus TPATHUTCSI HA HATPEB BEMIECTBA, HA yOAJECHUE
IIAPOB 13 BBIEMKI, KOTOPas MOXET MMETL HEeIPaBUILHYIO GOpMY, 1 T. .
[IosTOMYy YBEPEHHOCTEL B IPABUMIILHOCTHY IPEMIOKEHHOIO MATEMATUUYECKOTO
ONMCAHNS 3HAUNTEILHO MEHBIIE, UeM B ciIydae ¢ myJiein. Bompoc o coorBer-
CTBUU OOBLEKTA M €0 MOOEJIM — OOWH U3 HeHTPAJIBHBIX B MATEMATUIECKOM
MOMNEJIMPOBAHUM, U B MAJILHEUINIEM MBI OylIeM HEOOHOKPATHO K HEMY BO3-
BpPAIATLC.

6) Cozpanenue mamepuu. UMeHHO 5TUM COOOPaKEHNEM PYKOBOICTBY-
e€TCs IITKOIbHUK, PEIIAIONINI 33434y O 3aIl0oIHeHuu 0acceiHa BOOOU, BTeE-
KaJOIllel 1 BBITEKaloIIen n3 nByx Tpyb. Komeuno xe, 061acThL IpUMEHEHN S
5TOr0 33aKOHA, HECPABHEHHO IIINPE.

IIycTh, HanmpuMep, nuMeeTcsa HeOOJIBIIIOe KOJINIECTBO PAAUOAKTUBHOIO
BEIIeCTBA, (ypaHa), OKPYXKEHHOTO TOJICTHIM CJIOEM <«OOBIYHOIO» MaTepU-
ajia, (CBUHIIA), — CHATYallds TUINYHASA JUOO MPU XPAHEHUU MEJISIIIIUXCS
MATepuajioB, TubO TpPM WX WCIONb30BaHuU B dHepreTuke (puc. 3). Ilon
CIIOBOM «HEOOJIBIIIONS IIOAPA3yMEBAETCA YIPOIIAoIlee 0OCTOATEIHLCTBO, 3,
MEHHO TO, UTO BCE IPONYKTHI PACIIala, HE MCILITHIBAsI CTOJIKHOBEHUN C
aTOMaMHl BEIIECTBa, OECHPEensITCTBEHHO HNOKMmaroT obnacth 1. Hpyrumm
CJIOBAMHU, MIINHA, CBOOOMHOTO ITPOOEra MpONyKTOB PAaCHaia A\ B IEPBOM Be-
IIIECTBE 3HAUUTEJILHO OOJIBIIE XapaKTEPHBIX Pa3sMEpPOB CAMOTO MaTepu’a-
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aa Ly, T. e. A\t > L. CnoBa «TOJCTBHIN CJIOH» O3HAYAIOT, YTO B COTLJIa-

CHM C IEIIMU XPAHEHUS IPONYKTHI OEJIEHUS MOJTHOCTLIO MOTJIOIIAI0TCS B
obnmactu II. D10 rapanTupyert-

\\\ CsI TIPX BBLIIOJHEHUY IIPOTUBOIIO-
II\\\\\\\ JTOXXKHOro ycnoBust A\ip <K Lit, roe
\\ A1 < L \ Al — OauHa npobera mpomykx-
TOB PAacCIIaga BO BTOPOM BEIIECT-
m Be, L1 — €ro XxapakTepHLIN pas3-

MeD.
N Tl \ WTak, BCe, 9TO BBLIETAET
13 objactu 1, mornommaercs B
I \ obmmactu 1I, m cymmapHas macca,

00OUX BEIECTB CO BPEMEHEM HE

MEHSIETCSI. ITO M €CTh 3aKOH CO-

Puc. 3 XpaHEHUsT MaTepuu, IPUMEHEH-

HBIA K MAaHHON cuTyanuu. Kciam

B HAUYAJLHBIA MOMeHT Bpemenu t = (0 maccel BerecTB Obiu paBabl My (0)
u M11(0), TO B 060 MOMEHT BPEMEHU CIPABEIIINB OAJIAHC

M1(0) + Mu(0) = Mi(2) + Mu(3). (4)

Onuoro ypaBuenus (4), OUeBUIHO, HEMOCTATOYHO [JIsI OIPENEIICHNS Te-
KyInux 3HaueHun nByx macc — Mi(t) m Miyi(t). s 3aMbikanus MmaTeMa-
TUYIECKON (OPMYIIMPOBKY HEOOXOMMMO MTPUBJIIEYD NOMOJIHUTEIEHOE COOOpa-
XeHne 0 XapakTepe pacnamna. OHO TIACUT, UYTO CKOPOCTH PACHana (UUCIIO
ATOMOB, PACIIAIAIOIINXCS B €MUHUIY BPEMEHN) MPOIMOPIIMOHAILHO O0IIIeMYy
YUCITYy aTOMOB PANOAK TUBHOTO BEIIECTBA. 33, HEOOIIBIIOE BpeMst df MEeX Iy
MOMeHTaMu ¢ u ¢ + dt BCEero pacramgeTcs

Ni(t + dt) — Ni(t) = —aN1 (t + £ dt), a>0, 0<E<,

aTOMOB. 3[€Ch BTOPUYHO KCIOJIB30BAH 3aKOH COXPAHEHWS BEIECTBA, HO
IPUMEHUTEIBHO HE KO BCEMY IIPOLECCY, a K OTPe3Ky BpeMmeHu dt. B sTom
YPaBHEHUN, ONUCHIBAONIEM 0AJIaHC ATOMOB, B IIPABON YACT! CTOUT 3HAK
MUHYC (BeIecTBO yObsIBaeT), a Benuunua Ni(t + £ dt) oTBeuaeT HEKOTOPO-
My CPEIHEMY 3HAUEHUIO YMCJIa ATOMOB 3a paccMaTrpuBaemoe BpeMms. Ilepe-
nuireM ero B nuddepeHnuaibHon GopMe:
dN—I(t) = —alVp (t)
dt

YuuteiBas, uro Mi(t) = puiNi(t), rme g — aTOMHBIN Bec BeliecTBa I, mo-
IydaeM

N ) 8
dt

[Ipu camMompon3BONBHON PAANOAKTUBHOCTHY JIIOOON aTOM MMEET HEKO-
TOPYIO HE 3aBUCAIIIYIO OT COCTOSHUS OKPYKAIOIIIETO BEIIIECTBA, BEPOSITHOCTD
pacnana. IlosTomy yem 6osbIlle (MEHBLIIE) CAMOIO PAAMOAKTUBHOIO Be-
IIIECTBA, TeM OONbIle (MEHbIIE) BBIAE/ISETCS MPOAYKTOB PACIANa B €IU-
uuiy BpeMenu. KosddurmenT nponoprimonansuoctu & > 0 (nocmosuuas

pacnada) ONPENensaeTCs KOHKPETHBIM BEIIIECTBOM.
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YpaBuenus (4), (5) Bmecte ¢ ycnoBusamu Ar > Ly, A1 < Ly, a Takxke
BenuunaaMu &, Mi1(0), Mir(0) u cOCTaBIAIOT MATEMATUIECKYIO MOMEID
pPacCMaTPUBAEMOrO OOBLEKTA.

Uurerpupys (5), momyyaeMm, 9TO MaCCa MEIISIIIETOCS MaTepuasia yObi-
BAET II0 SKCIIOHCHINAJILHOMY 33KOHY

Mi(t) = M7(0) e Y,

u pu £ — 00 B 0bmacTu I BEIeCTBO MOTHOCTHIO NCUYL3ALT.
Tak kak cymMmMapHasi Macca B COOTBETCTBHE C (4) OCTAETCS MOCTOSH-
HOM, TO B obnactu 1l xommuecTBO BelecTBa pacTeT:

MH(t) = MH(O) + MI(O) — MI(O) et — MH(O) + MI(O) (1 — e_o‘t) ;

1 npu T — 00 NPOOYKTHl pacHana MOIHOCTHIO mepexonddaT u3 obiactu 1 B
obmacTs 1.

B) Cozpanenue umnyavca. HemonBuxuo crosimnas B 6€3BeTPEHHYIO MO~
IOy Ha MOBEPXHOCTH 03€Pa, JIONKA HAYHET ABUTATHLCS BIEPEN, ECITUA COEIATH
HECKOJILKO MIATOB OT €€ HOCA K KopMe. T'ak ImMposBiisgeT cebsa 3aKOH COXPaHe-
HIS UMIIYJIbCA, YTBEPXKOAIOIINN: TOIHBIN UMITYIBC CUCTEMBI, HE UCITBITHI-
BaIOIIEN OeNCTBUS BHEITHUX CHJI, coXpaHseTcsa. Ha mepenBuxenne rpebia
JIOOKA pearupyeT CMeIleHneM B IPOTUBOIIOIOXHYIO CTOPOHY.

[IpuHin peakTWMBHOIO MBMXKEHUsS MOJIOXKEH B OCHOBY MHOTHUX 3aMe-
JATEJIbHBIX TEXHUYECKNX YCTPOUCTB, HAIPUMED, PAKETHI, BHIBOMAIIIEN HA,
OpOUTY BOKPYT 3€MIIM UCKYCCTBEHHLIA CIIYTHUK, IJIs 4ero e TpebyeTcs
pPa3BUTL CKOPOCTH npuMepHO 8 kM/c. [IpocTefiias MaTeMaTrIeCcKas MO-
Iellb NBUXKEHUS PAKETHI IIOJIyYaeTCs M3 3aKOHA COXPAaHEHUS MUMITYJIbCA B
IIpeHeOpeXXeHN CONMPOTUBIIEHNEM BO30yXa, I'PaBUTAIIAEN U NPYTUMU CHU-
JIaMM, UCKIII0YUasd, KOHEYHO, TIAr'Y PEaAKTUBHBIX NBUTATEJICH.

IIycTh mMpOOyKTHI CrOpaHNs PAKETHOI'O TOINIMBA HOKUIAIOT PACIOIO-
KEHHBIE B KOPMOBOW YaCTU BHIXJIOMHBIE COIIA CO CKOPOCTBIO U (IS CO-
BPEMEHHBIX TOILUIAB BEIMUWHA U PABHA 3—H KM/C). 3a MaJIbIii IPOMEXYTOK
BpeMenn df mexny mMoMeHTamu t u t + di 4acTh TOILIMBA BLITOPEIa, U
MacCCa PaKeThl M3MEHMIACHL Ha BenuduHy dm. V3aMeHnIIcsa TakXkKe UMITYIIbC
pPaKeThl, OMHAKO CYMMAaPHBLIA UMIYJILC CUCTEMBI «PAKETA IIJIIOC ITPONYKTHI
CTOPAHUSI» OCTAJICS TEM XK€, UTO U B MOMEHT I, T. €.

m(t)v(t) = m(t +dt)v(t +dt) — dm[v(t + Edt) — u,

rae v(t) — ckopocTh pakeTsl, v(t + & dt) —u, 0 < £ <1 — cpemusis 3a mpo-
MEXYTOK df CKOPOCTDH UCTEKAIOIIX U3 COMeN ra3oB (0be ckopocTu 6epyTcs
oTHOCUTENBLHO 3emin). IlepBolil uileH B IpaBOi YaCTH HTOIO PABEHCTBA, —
UMITYJIEC PAKETHI B MOMEHT t + dt, BTOPON — MMIIYIILC, IEPEIAHHBINA NCTE-
KAIOIIUM T'a30M 33, BpeMms dt.

Yunteas, aTo m(t + dt) = m(t) + (dm/dt) dt + O(dt?), 3akon coxpa-
HEHUSI UMIYJIBCA MOXHO IepenuncaTh B Buae nudpdepeHnmnaabHOr0 ypaBHe-
HIIS

m & o _dm,
dt dt



16 IIPOCTEVIIWE MOJIEJIN W IIOHA T [TII. 1

B KOTOpOoM wieH — (dm/dt) u, O4eBUOHO, HE UTO MHOE, KAK CUJIa TATU Pa-
KEeTHBIX JBUraTeNel, 1 KOTopoe, Oyayum npeoOpa3oBaHHLIM K BUIY

dv Ly d(Inm)
dt dt '

JIETKO MHTETrPUPYETCS:

v(t) = vo +uln (nf?(’z)) |

roe vg, Mg — COOTBETCTBEHHO CKOPOCTHh M MAaCCa PAaKeThl B MOMEHT 1 =
= 0. Ecmm vg = 0, TO MakcuMaJbHas CKOPOCTh PAKETHI, JOCTUTaeMas IPH
IIOJTHOM CTOPAHUM TOILJINBA, PABHA,

v:uln( o ) (6)
My + M

3mecb m,, — moye3Has Macca (Macca CIlyTHUKA), Mg — CTPYKTYPHASI Macca,
(Macca cOOCTBEHHO PAKETHOW KOHCTPYKIIMU — TOINIMBHLIX OAKOB, MBUTa-
TeJIell, CUCTEeM YIIPABJIEHMUs U T. II.).

[Ipoctas dpopmyna [uomkosckoro (6) mo3BomseT caenath GyHIAMEH-

TAJbHBIA BLEIBOA O KOHCTPYKIIMU PAKETHI IJIs KOCMUUECKIUX MOJIETOB. BBe-
ms

IeM BEJIUYMHY A = , KOTOpasd XapakTepusyeT npu m, — 0 OTHO-

IIIeHIIE CTPYKTYPHOM M HAYAJILHON MacC pakKeThl. Torma misd IpakKTUIeCKn

peanbHBIX 3HaueHu#t A = 0,1, u = 3 xM/c monyuaem mpu m, = 0

v=uln(1/\) =7 xm/c.

Otcrona cremyeT, YTO MaXKe B CAMOI UICAITLHON CUTyaInu (IoIe3Hast
MacCcCa paBHa HYJIIO, OTCYTCTBYIOT I'PaBUTAIUA 1 COIIPOTUBIIEHUE BO3MY-
Xa 1 T. II.) PAKETa PACCMATPUBAEMOr0 TUIIA, HE CIIOCOOHA MOCTUYDL MIEPBOM
KOCMIYIECKON CKOPOCTH. T'eM caMbIM HEOOXOMMMO UCIIOIL30BATH MHOTOCTY-
IIEHYAThIe PAKETHI — BBIBOM, K KOTOPOMY IIPUIILJIM OCHOBOMOJIOXKHUKI KOC-
MOHABTUKMN.

HaHHLIA ITpuMep WIITIOCTPUPYET TaKXKe CBOETO POa NPUHITAI «HAW-
OOnpITIero 6JIarONPUITCTBUSLS, TACTO UCIIOIb3YEMbBIN HA, HAUAILHOU CTA NN
MaTEeMaTUIYECKOTO MOOEINPOBAHNS CJIOXKHBIX OOBLEKTOB: eCiii OOBEKT, MO-
CTABJIEHHBLIM B HAWJIYUIINE YCIOBUS, HE B COCTOSHUU MOCTUYL TPpeOyeMbIX
XapaKTEPUCTHUK, TO HAMO U3MEHUTDL CaM IIOAXON K OOBEKTY JTNOO CMATYUTD
TpebOBaHUA K HEMY; €ClIi ke TpebOBaHUS B IMPUHIIUIE MOCTUXUMBI, TO
CIIeMyIole IIaru CBs3aHbI C UCCIEAOBAHUEM BJIMSHUS HA OOBEKT MOMOJI-
HITEJILHBIX OCIIOXKHSIIOIINX (PaKTOPOB.

2. BapuanuonHble NTpUHINIIBI. Kille oquH MOOXON K IIOCTPOEHIIO
MOJIEJIEN, II0 CBOEN MINPOTE W YHUBEPCAIBHOCTA CONOCTABUMBIN C BO3MOXK-
HOCTSIMU, OTaBaeMbIMU QYHAAMEHTAIbLHBIMU 3aKOHAMU, COCTOUT B IIpUMe-
HEHIUM TAK HA3LIBAEMBIX 8aPUAYUUOHHBIT Npunyunos. OHU IPEOCTABISIIOT
co0O BeCHbMa OOIIMEe YTBEPXKICHUS O PACCMATPUBAEMOM OOBEKTE (CrcTe-
Me, SBJIEHUN) W TIIACAT, YTO U3 BCEX BO3MOXKHLIX BAPUAHTOB €r0 ITOBENCHUS
(mBUXeHMs, HBOJIIONWN) BEIOUPAIOTCS JIUIL T€, KOTOPBIE YIOBIETBOPSIIOT
onpeneiieHHOMY ycaoBui0. OOLIYHO COIJIACHO HTOMY YCIOBHUIO HEKOTOPAS
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CBs3aHHASA C OOBEKTOM BEIIMUMHA MOOCTUTAET SKCTPEMAJIBHOTO 3HAUCHUA
IIPY €r0 Mepexone n3 OMHOIO COCTOSHUS B NPYTOE.

HomycTuM, aBTOMOOMIL, NBUXKYIIIUICSA C MOCTOSHHOW CKOPOCTBHIO v,
MOJIXKEH MONACTh U3 TOUKM A B TOUKY B U IIpuM 5TOM KOCHYTBCS HEKOTO-
poir mpsmont ymuaun C' (puc. 4). BonuTens aBTOMOOUIIST OU€HB TOPOIMUTCS
1 BHIOMpAET U3 MHOXKECTBA TPACKTOPUN Iy Th, TPEOYIOINNA MIUHUMAIbLHBIX

A

~
' 3 . Se IS !
\ FERY P4 ﬁ (8 \\\ ,I ?\\ P Y

7//////7/"/,//7//////// e

B -

Puc. 4. Pa3nuunnie TPAEKTOPUN OBUXKEHUI 13 TOUKU A B Touky B C xacaHueM
npsamvon C'. 2KupHON JIMHUEN BbIZIEJIEH OBICTPENUIINN MY Th

3aTpatT Bpemenn. IIpencraBuMm 3aTpadeHHOE BpeMsa KaK QYHKIINIO BEJIMYN-
HBEI (v — YTJIa MEXOY MPSIMOA M OTPE3KOM IIyTH OT TOUKU A Mo mpsiMoi:

t(a) = S b
- wsina  wvsinfB(a)’

3mech a 1 b — MIVHLL NEPHEHAUKYIIAPOB, ONYIIEHHLIX U3 TOYeK A u
B na npsamyio, B(a) — yrom Mexay MpsMOW U OTPE3KOM IIyTHU U3 TOUKA
KACAHNI 10 TOUYKU B3,

Y ciioBue SKCTpeMasIbHOCTH t(a) O apryMeHTY (¢ O3HAYAET, 4TO

dt(a)
do

— O7
O—Cext

TN
acosa  beosfB(a) dB

sina  sin® B(a) do

0. (7)

715 71100BIX 3HAYEHUN (¢ COIPABEOJINBO PABEHCTBO

a b

c= — + ;
tga  tgB(a)

2 A. A. Camapcknit, A. II. Muxaiinos
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rIe ¢ — PacCTOSHUE MEXIy NpoeknuaMu Touek A u B Ha mpsamyo (omu-
HAKOBOe IJIs BCex TpaekTopuil). HudbdepeHnnpys ero, momydaeM COOTHO-
IITEHNE

a b dp
+ —0, 8
sina  sin” B(a) da (8)

KOTOPOE BMECTE C YCIIOBUEM MUHUMAJILHOCTH (7) O3HAYAET
cos a = cos B(a),

T. €. PABEHCTBO yrioB & u (3 (cM. ymp. 5).

Iajiee HETPYOHO HAXTU CAMU 3HAUCHUS (min, tmin Y€PE3 3a0aHHLIE Be-
IUYUHEL @, b, ¢. OgHAaKO celvyac AJIs HAC BAXKHO IPYroe — yCIOBUE MUHU-
MAaJILHBIX 3aTPAT BPEMEHHU IIPUBENIO K BEIOOPY COOTBETCTBYIOIIEH TPAEK TO-
pUM IO TIPABUILY «YTOJI MIaOEHUs PaBeH yIiy oTpaxeuuss. Ho Benb Takomy
3aKOHY MOMUMHSIETCS 1 XOHO CBETOBOIO JIyd4a, IIOMAIAI0Iero Ha OTPAXKAIO-
IITYI0 TOBEPXHOCTh! MoxkeT OBITh, 1 B OOIIIEM CIIyYae JIYUM CBETA ABMXKYTCS
10 TPAaeKTOPUIM, 0DeCIeunBalOIIUM ObICTpENIIee MOMagaHne CUTHAJIA, U3
OMHOM TOYKM B Apyrywo? Ia, MEeHHO TaK U IPOUCXOOUT COTLJIACHO M3BECT-
HOMY BapHUAIMOHHOMY IpHHIINIY Pepma, Onupasch Ha KOTOPLIA, MOXKHO
IIOJIYYUTh BCE OCHOBHEIE 3aKOHBI T€OMETPUUIECCKON OIITUK.

[TokaxeMm 5TO, pacCMOTPEB IPEJIOMJIEHNE JIYUel Ha IPAHUIe OIBYX CPell
(puc. 5). CBer, BeIXOOAIINHA U3 TOUKKA A, MBUXKETCS B IEPBOM CPENE CO CKO-
POCTBIO V,, IPEJIOMJISIETCS U, TIePEXONs Uepe3 JIMHUIO Pa3iesia, OBUTAEeTCs

II Y

Puc. 5. Bo3aMOXHBIE TPAEKTOPUM CBETOBBIX JIyYel, UAYIIAX M3 TOYKU A B

TOuKy B m mpesiomJsioriuxcs Ha quHum (' — TpaHUIE pasfiesia OABYX Cpen.

2KupHON IuHMEN BHIOCJIEHA TPACKTOPUSI, OTBEUYIIONIAsI 3aKOHY ITPEJIOMIICHUA
cosa/cos B = vq/vp

BO BTOPOU Cpenie CO CKOPOCTBIO ¥y W TONAAAET B TOUKY B. Ecimm o — yron
HMaJdeHus JIy4a, a () — yrosa ero mpefoMJIeHus, TO BPeMsl IIPOXOXK ICHUS
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u3 A B B paBHO

t(a) = c 4 "
 wgsina wvpsinBa)

YcnoBue MuauMasibHOCTH t(r) 3amuckiBaeTcs B Bune (cp. ¢ (7))

a COS Qv bcosa df

. . =0

vesina vy sin B(a) do ’
a nponudPepeHnupPOBAHHOE TI0 (¢ YCJIOBUE IIOCTOSHCTBA BEIUYUHBL C TIO-
IpexXHEMY BbIpaxkaercs dopmyson (8). 3mech BeNMWYWHBL G, b, ¢ UMEIOT
TOT € CMBICJI, YTO M B IpenniayineM cirydae. Mckimouas m3 1mociieqHen
dbopMyIBl TPOU3BONHYIO df3 /da, TPUXOMUM K PABEHCTBY

cosB vy’ (9)
T. €. K U3BECTHOMY 3aKOHY IIPEJIOMJICHIS CBETA.

CohopMynupoOBaHHLIE IPUMEHUTEILHO K KAKOMY-JIN0O0 KJIACCY SBIECHUN
BAPUAIMOHHLBIE IIPUHIIMNOLI ITO3BOJIAIOT €OMHOODOPA3HO CTPOUTH COOTBET-
CTBYIOIIME MaTeMaTudeckue momenn. VIX yHUBEPCAJIBbHOCTH BHIPAXKAETCS
TaKXe B TOM, UTO, UCIOIb3YS UX, MOXHO B ONPENEIIeHHON CTEeIeH OTBIIe-
KaThCsd OT KOHKPETHOU IPUPOOLI IIPOIEcca. lak, BOOUTENIb aBTOMOOMIIA,
CIENYIONTNNA NPUHIIUIY «MUHUMAJILHOIO BPEMEHM» U XKeJIAIOIINM IIONacTh
13 TOYKU A, HAXOMAIIENCS Ha MEeCUaHOA MOoYBe (OHHA CKOPOCTH), B TOY-
Ky B, pacmoloXeHHYI0 Ha TPABIHUCTOM JIyTy (Ipyras CKOpPOCTh), 00si3aH
II0EXaTh HE II0 IPAMOH, coemuHsiomen A m B, a 1o JIOMaHHOA TPAEKTO-
pun, CHejaB HEOOXOMUMOe KIIPEIOMJIIEHIES> Ha JIMHUM, PA3OesIonien MeCOK
1 TPaBy.

3. IIpuMeHeHue aHaJIOrNNM TP IMOCTPOEHNN MoeJieil. B orpom-
HOM 4YUCJIE CIIYyYaeB MIPU MOOBITKE MOCTPOUTH MOIEIIL KAKOr0O-JInO0 OOBEKTA,
OO HEBO3MOXHO IIPSIMO YVKa3aTh QyHIaMeHTAJbHbIE 3aKOHBI 1JIM Bapua-
IIMOHHBIE MIPUHINNOLI, KOTOPHIM OH MOOUYWHIETCS, JIUOO, ¢ TOYKU 3PEHUI
HAIINX CETOMHSIIHUX 3HAaHUN, BOOOIIE HET YBEPEHHOCTU B CYIIIECTBOBAa-
HUM ITOOOOHBIX 3aKOHOB, MOMYCKAIOIINX MaTeMaTUIeCKy0 GOPMYIIUPOBKY.
OmHuM 13 IJIOODOTBOPHBLIX MOAXOOOB K TAKOIO POOa OOBEKTaM SIBIISETCS
MICIIOJIL30BAHNE AHAJOTUN C VKE M3YUEHHBIMHU SBJICHUIMN. UTO, Ka3aJ0Ch
OBI, OOIIIEr0 MEXIY PANMOAKTUBHBIM PACIagoM M OUHAMWUKOW TOITYJISIINN,
B YACTHOCTY M3MEHEHUEeM YUCIIEHHOCTH HaceJeHUs Hallel miaameTw! Q-
HAKO Ha IIPOCTEHUINEM YPOBHE TaKas aHAJIIOTUS BIIOJIHE IIPOCMATPUBAETCH,
O YeM CBUIOETENBCTBYET OIHA M3 MPOCTEUIINX MOMEJEN IOy, Ha3bI-
BaeMasa modeavro Maasvmyca. B ee OCHOBY IOJIOXKEHO MIPOCTOE yTBEPKIE-
HII€ — CKOPOCTHb M3MEHEHUS HACEIEHUSI CO BpeMEHEM ¢ IIPOMOPIUOHAIBHA
ero Tekyren uncieHHocTu N (1), YMHOXEHHON HA CyMMY KO3(DUIIMEHTOB
poxnaemoctu «(t) > 0 u cmeprrocTu (G(t) < 0. B pesynbrare nmpuxomum
K YPaBHEHUIO

cosa U,

P — fa(t) - A N () (10)

BeCbMa MOXOXKEMY Ha, YPaABHEHNE PAMUMOAKTUBHOIO PACHALa U COBMIAIAI0-
mero ¢ HuM npu o < 3 (ecim o u  MOCTOSIHHBIE). DTO HEYOUBUTEILHO,

2*
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TaK KaK IIPU UX BBEIBOLE UCIIONIL30BAJINCH ONUHAKOBEIC coOpaxkeHus. MuTer-
pupoBanue ypasuenus (10) maer

t

N(#) = N(0) exp / at) - B()]dt |

to

rae N(0) = N(t = tg) — HaYaIbHASI YUCIIEHHOCTD.

Ha puc. 6 npusenens: rpaduku ¢yukinuu N (t) Ipu MOCTOSHHBIX (@ U
£ (pasHBIM MOmMOOHBIM APYT OPYT'Y KPUBBIM COOTBETCTBYIOT PA3HBIE ty —
3HAUEHUs] BpEeMeHU HadaJia mporecca). llpu a = 4 yuciennocTs ocTaercs
IIOCTOSIHHOM, T. €. B 3TOM CJIy4ae peIleHuEM YPAaBHEHUsS SBJISETCS PaB-
HoBecHas BenuuwHa N (t) = N(0). PaBHOBecue Mexmy poXmaeMOCTHIO 1

tog =0

Puc. 6. I3meHeHnEe YNCIEHHOCTHU IIOIMYJIAIIUNA CO BpeMeHeM B monpenu MasbTyca

CMEPTHOCTBLIO HEYCTONYNBO B TOM CMBICIIE, UTO MaxKe HeOOIBbIITOEe HAPYIIe-
HIIE€ PABEHCTBA (. = (3 IPUBOOUT C TEUEHHEM BPEMEHH KO BCe OONILIIEMY
orkyionennio Gpyuknuu N (1) ot paBuoBecuoro 3uauenust N (0). llpu a <
JHCIEHHOCTDh HACEJIeHUS YOBIBAET U CTPEMUTCS K HYJIIO IpU ¢ — 00, a IIpH
a > [ pacTeT IO HEKOTOPOMY SKCIHOHEHITMAJLHOMY 3aKOHY, OOpalllasich B
OeckOHeYHOCTh npu t — 0. Ilocnemuee oOCTOATENIHCTBO 1 TTOCITY XKUIIO OC-
HOBAHIEM I omaceHu ManbTyca o IpsaayIileM HepeHaceIe T 3eMINA CO
BCEMH BBITEKAIOMIIMU OTCIOOA IMOCIEACTBUAIMMU.

Kak B pagHOM mIpuMepe, TaK 1 B PsOe PACCMOTPEHHBIX BLIIIE CIIyUYaeB
MOXKHO YKa3aTh HEMAJIO OUYEBUAHBIX OrPAHUYEHUN IPUMEHUMOCTHU IIOCTPO-
eHHON Momenu. KOoHeUHO XKe, CITOXHENIITNHI ITPOIIECC N3MEHEHMS YUCIIEHHOC-
TH HACEJIEHUS, 3aBUCIIINA K TOMY XK€ OT CO3HATEJILHOTO BMENIATEILCTBA
CaMUX JIIOOEN, He MOXKET OINUCHIBATHCSI KAKUMU-JINOO ITPOCTHIMU 33KOHO-
MepHOCTIMU. llaxe B mOeaIbHOM CIIy4ae M30IMPOBAHHON OMOJIOTHMYECKOM
IIOIYJISIIIUN IIPENJIOXKEHHAS MOMENb HE OTBEUAET PEATIBHOCTH B IIOJTHON MEPE
XOTs ObI U3-3a OrPAHUYEHHOCTU PECYPCOB, HEOOXOOMMBIX MJIS €€ CYIIECT-
BOBAHINSI.

ChnemaHHOe 3aMeUYaHue TeM He MeHee HUCKOILKO He YMAJISIeT POJTA aHA-
JIOTUU B ITOCTPOECHUU MATEMATUUECKAX MONEJIEV OUE€Hb CIIOXKHBIX SIBJIEHUMU.
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[IpuMenenne aHAJIOTUIA OCHOBAHO HA OOHOM M3 BAaXKHEHIINX CBOMCTB MOIE-
JIell — UX YHUBEPCAJIBHOCTH, T. €. UX IPUIOXNMOCTHI K O0BEKTaM HPUH-
IINONAJILHO PA3JIMYHON IIpUpOnbl. Tak, MpemIromoXeHns TUIa «CKOPOCTDb
M3MEHEHUs BEIMYNHBI TPOMOPIMOHAIBLHA 3HAYEHUIO CAMOUM BETMINHBI (I
HEKOTOPOU (QYHKIIAM OT HEE)» IIMPOKO MUCIONB3YIOTCA B HAJEKAX APYT OT
npyra o01acTIX 3HAHUMN.

4. NepapxudeckKuil MOoOXon K ITOJIyUYeHUIO Momesienn. JIuinb B
penKnx ciaydasx ObIBaeT yIOOOHBIM M ONPABIAHHBIM INOCTPOEHME MaTeMa-
TUYIECKUX MOOENen Make OTHOCUTEILHO IIPOCTLIX OOBEKTOB Cpa3y BO BCEH
IIOJTHOTE, C YUETOM BCeX (DAKTOPOB, CYIIECTBEHHBIX MJIS €r0 IOBENCHUS.
[IosTOMy ecTecTBeH MOMXON, PEAJIM3YIOIINN IIPUHIINI «OT IIPOCTOTO — K
CIIOXKHOMY>», KOT'Ia CIEOYIOMINN MIar OeJIaeTCs IIOCIIe JOCTATOYHO IIOAPOO-
HOT'O M3YYEHUs HE O4YeHb CIOXHOUW Momenn. Ilpm sToM BO3BHMKAET IIEIIOYKa,
(uepaprug) Bce GOJlEe MOMHBIX MOMNENEH, KaXKIas U3 KOTOPBIX 0000IIaeT
IIpEeObBIOYINe, BKITIOUAs NX B KadeCTBe YaCTHOIO CIIydad.

[locTpouM Takyio MepapxXudecKyio IIEIIOUYKY Ha IPUMePe MOOEIIN MHO-
rOCTYIIEHUYATON pPakeThl. Kak OBIJIO YCTAHOBJIIEHO B KOHIE II. 1, peajbHAas
OOHOCTYIIEHUYATas PaKeTa HeCIIOCOOHA PAa3BUTh IIEPBYI0 KOCMUYECKYIO CKO-
pocTh. llprmumHa 5TOr0 — 3aTPaTHI IOPIOYETO HA, PA3TOH HEHYXKHOU, OT-
paboTaBIlIell YacTU CTPYKTYPHOU Macchl. ClienoBaTeNnbHO, IPU IBUXEHUN
pakeThl HEOOXOOUMO HEPUOANYIECK N30aBIATHCS OT OaJimacTa. B nmpakTu-
JECKOM KOHCTPYKIIIM 5TO O3HAYAET, UTO PAKETa COCTOUT M3 HECKOILKIX
CTyIeHel, OTOpaACEIBaAEMBIX IO MEPE UX MCIIOJIHL30BAHUI.

I[Iycte m; — oOmas Mmacca 4- CTYIEHH, AM; — COOTBETCTBYIO-
Mas CTPYKTYypHAs Macca (mpM 5TOM MAaCCa TOINIMBA, PABHA BeJIMYNHE
1—A)m;), m, — Macca moJe3HON HArpysku. BeauduHbBl A 1 CKOPOCTDH

, Mp y

ICTEYEHN I'a30B U ONMHAKOBHI IJIS BCEX CTYyIEHeR. Bo3bMeM mId onpene-
JIEHHOCTY YUCJIO cTymeHen n = 3. HauampHag Macca Takoil pakeThl PaBHA,

mgzmp+m1-|—m2—|—m3.

PaccMoTpuM MOMEHT, KOT o4 U3PACXOIOBAHO BCE TOIIMBO IIEPBOUN CTYIIEHU
I MacCa paKeThl paBHA BEINYNHE

my + Amy1 + ma + ms.

Torna mo popmyite (6) mepBOHAYAIBLHON MOMEIN CKOPOCTh PAKETHI PABHA

mo
v1 = uln .
(mp—l—)\ml + Mo +m3)

[Tocte mocTuXeHus: CKOPOCTH! V1 CTPYKTYPHAS Macca Ami OTOPaCBIBAETCS
N BKJIIOYa€TCA BTOpPaAd CTYIICHD. Macca PaKe€Thl B 9TOT MOMEHT PaBHA

Hauwnas ¢ 3TOro MOMeHTa X OO MOMEHTA IOJIHOTO BBLITOPAHUS TOILIUBA,
BTOPOUW CTYIIEHW, HAUYTO HE MEIIAET IOJIB30BATHLCS YK€ IIOCTPOEHHOU MO-
IeJIbI0, IPUMEHNB €€ K PaccMaTpuUBaeMOMY Ciydaro. Bce paccyxmeHus o
COXPAHEHUU CYMMAaPHOTO UMITYIIbCA U COOTBETCTBYIOIINE BBHIKIAIKI OCTAa-
IOTCSI B CUJIe (CJIeMyeT TOIBLKO YYECTh, UTO Y PAKETHI YXKe €CTh HAUAIbLHAS
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CKOPOCTB ¥1 ). Torma mo gopmyite (6) mocse BEITOpaHUS TOIINBA, BO BTOPOM
CTYIEHU PAKeTa MOCTUTAET CKOPOCTH

My + Mo + M
vngul—l—uln( b 2 3).

My + Ama + mg

Taxmne xxe paccyXIneHns IPUMEHIMELI 1 K TPeThell cTyneHn pakeThl. Ilocie
OTKIIIOUEHUS €€ NBUTATEJIEN CKOPOCTh PAKETHl PaBHA

v3:v2+u1n(mp+m3).

My + Ams3
OTy LENOYKy HeTPYIHO MPONOIKUTH IJIS JI0O0r0 YKUCIa CTYIEHEN U

IIOJIYyINTEH COOTBETCTBYIONIME GopMynIbl. B cioyuae xe n = 3 o OKOHYAa-
TEIIbHOU CKOPOCTU MMEEM

v—?’—ln{( mo )(mp+m2—|—m3)(mp+m3)}
U mp + Am1 +ma +mg ) \mp+Ama+msz ) \mp+2Amg /|’

mo my + mo + M3
i, BBOOA BECJIIMYMHBI (X1 = , Qg = , O3 =
mp + M3
= , IIOJIYIaEM
Mp

%:ln{(1+A?;1—1)> (1+)\<(322_1)) (1+>\(()23—1))}°

JlaHHOE BEIpaXKeHMe CUMMET PUYHO IO OTHOIIIEHUIO K BEINUYNHAM (1, Q2, (3,
I HETPYOHO MOKa3aTh, YTO €r0 MaKCUMYM MOCTUTAETCS B CUMMETPUTHOM
cliydae, T. €. TIPDA O = Qs = a3 = . Ilpu sTom o ¢ = 3

azllj;_))\\, P:exp(—;}—Z).

[IpousBenenne stz = @ paBHO, KaK JIETKO TPOBEPUTH, OTHOIIEHUIO

Mo /My, AN
a3_m0_ 1—A ]
m, \P-X)"

719 MHOTOCTYIEeHYaTON PaKeThl, AaHAJIOTTYHO, TMEEM

mo

= (%)n P = exp (— %) (11)

TOE 7, — 4YUCIIO CTYIEHEN.
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[Ipoamamu3upyem dopmyny (11). Ilpumem v, = 10,5 xkm/c, A = 0,1.
Torpa nna n = 2, 3, 4 nonyuaeM mo = 149m,, mo = 77 my,, mo = 65m,
COOTBETCTBEHHO. JTO 3HAYUT, UTO ABYXCTYIIEHYATas PaKeTa MOPUTOIHA
IJTsl BHIBENEHUS Ha OPOMTY HEKOTOPOU TMOJIE3HOU MACCHI (OMHAKO TIPU Ofl-
HOW TOHHE IIOJIE3HOTO I'PY3a HEOOXOMMMO MMETh PakeTy BecoMm 149 TouH).
Ilepexon x TpeThbell CTYIIEHN YMEHBIIIAET MACCy PAKEThHI IIOUYTH B IBA Pa3a
(HO, KOHEUHO e, YCJIOXHSEeT ee KOHCTPYKIIMIO), & YeTHIPEXCTYIIeHUYATas
paKeTa He IaeT 3aMETHOI'O BBIMTPHIIA II0 CPABHEHUIO C TPEXCTYIIEHUATOMN.

[TocTpoerne nepapxmuecKon MemoUKN II03BOIINIIO OTHOCUTEILHO IIPOC-
TO IIPUATU K STUM BaXHBIM BEIBOmaM. VMlepapxms MaTeMaTHIeCKIX MOMIE-
JIEM 4aCTO CTPOUTCS U MO MPOTUBOIOJIOKHOMY MPUHIIUIY «OT CIIOXKHOTO K
nmpocToMy». B 5ToM ciyuae peanm3yeTcs IyTh «CBEPXY BHU3®» — W3 IO-
CTATOYHO OOIIEN M CIIOXKHOU MOMEN IPU COOTBETCTBYIOIINAX yIPOIIAIOITAX
TTPETIONIOXEHUIX TTOITY IAETCS TTOCIENOBATEILHOCTE BCe 60i1ee TPOCTHIX (HO
IMEIOIIX YMEHBIIAIIYIOCA 06JIACTh MPUMEHIMOCTH) MOIEJICH.

5. O HesIMHEeMHOCTHN MaTeMaTHMYecKNX Moaesei. IIpocToTa pac-
CMOTPEHHBIX BBIIIE MOJENIE BO MHOTOM CBA3aHA C UX aAumnetinocmvio. B
MATEMATUUIECKOM IIJIAHE 5TO BAXKHOE MOHSATHE O3HAYUAET, YTO CIIPABENIJIUB
NPUHYUN CYNEPNOZUYUL, T. €. TI00asT TUHENHAST KOMOUHAINS PeIeHnin (Ha-
IpUMep, UX CYMMa) TaK¥XKe SBJIseTCs perreHneM 3amnadu. [lonb3ysach mpuH-
IIATIOM CYIIEPHO3UIIUM, HETPYOHO, HAUMS PENIeHne B KAKOM-IuO0 9aCTHOM
ciIy4dae, IIOCTPOUTH pelnenne B 0oiiee obiien curyanun. IlosToMmy 0 kauecT-
BEHHBLIX CBOMCTBAX OOIIETO CIIy4das MOXKHO CYyOUTh IO CBOMCTBAM YaCTHO-
ro — pa3nuume MeXNIy OBYMS PeHIeHUSIMU HOCUT JINMIIb KOIUYECTBEHHBIN
xapakTep. Hampumep, yBenuuenne B B3 Pa3a CKOPOCTHU UCTEUYEHUS PAKET-
HOI'O TOILIMBA BEAET TAKXKe K IBYKPATHOMY YBEIIMUEHIIO CKOPOCTHU PAKETHI,
YMEHBIIICHUE VT4 MaJCHUI CBETOBOTO JIY4a Ha OTPAXKAIOIIYIO IOBEPXHOCTh
O3HAQUAET TAKOE Xe M3MEHEHUE YIJIa OTPaxkeHud um T. O. Lpyrumm cioBa-
MU, B CIIy4ae IUHEMHBIX MOMeIeN OTKIINK O0BEeKTa Ha, U3MEHEeHE KAKUX-TO
YCIIOBAU MPOIIOPIIMOHAJIEH BEJIMUMHE 3TOTO U3MEHEHU .

s neaunetinvir g26.4eHull, MaTEMaTUUIECCKE MOOEIIN KOTOPHLIX HE TIOMI-
UNHSIOTCS IMIPUHIIMOY CYNEPIIO3UIINN, 3HAHNE O MOBENeHUN YaCTU 0OBEKTA
elle He TapaHTUPYeT 3HAHUS IIOBENEHUS BCErO OOBEKTA, & ero OTKJIMK Ha,
N3MEHEHNE YCJIOBAM MOXET KaueCTBEHHO 3aBUCETH OT BEJIMUMHBI 5TOTO 13-
MeHeHusa. Tak, YyMEHbIIIEHNE YIJIa HadeHUs JIyYa CBETa Ha I'PAHULY pasie-
JIa, IBYX Cpel MPUBOAUT K YMEHBIIEHUIO YIJIIa HPEJIOMJIEHUS, HO TOJIBLKO OO
OIIPEeNeIIeHHOrO mpenesa. Kenn yron nageHns CTaHOBUTCS MEHbINe KPUTH-
yeckoro (cMm. popmysy (9)), TO IPOUCXOAUT KAUECTBEHHOE M3MEHEHUE —
CBET MEepeCcTaeT MPOHMKATL depe3 TPAHUIly pal3aeia BO BTOPYIO Cpeny, ec-
JIN OHA MeHee IJIOTHAasd, YeM IIepBasg. 1eM caMBIM IIPEJIOMJIEHNE CBETa —
IIPUMED HEJIMHEMHOT'O ITPOIECCA.

BonbUIMHCTBO PEATLHEIX IIPOIIECCOB U COOTBETCTBYIOIINX UM MaTEMa-
TUYECKNX MOOeJiell HeJIuHeNHEI. JIMHelHbIe XXe MOmejanm OTBEeYal0T BeChbMa,
JACTHBIM CIIyYasM 1, KaK OPABUJIIO, CIYXKAT JINIIb IMEPBLIM ITPpUOIMKEeHN-
eM K peasibHOCTHU. HampuMmep, MOIMyIAIIMOHHBIE MOOEIN CPa3y CTAHOBSATCS
HEJIMHENHBIMHA, €CJIA IIPUHITHh BO BHAUMAaHNE OTPAHMYEHHOCTH HOCTYITHBIX
ronyiaanuu pecypcoB. Ilpu ux BEIBOmE cumTaeTcs, ITO:

1) cyIiecTByeT «paBHOBECHAS® YMCIEHHOCTD Onynanuu N,, KOTOPYIO
MOXKET 0D0eCneunuTh OKPYXKAIoIIasd Cpena;
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2) CKOPOCTHb M3MEHEHWS UMCJIIEHHOCTU IOMYJIANNYN IPOMOPIINOHAIILHA,
CAMOI UYMCIIEHHOCTW, YMHOXEHHON (B oTimume oT momenu MasbTyca) Ha,
BEJINYMHY €€ OTKJIOHEHWS OT PABHOBECHOTO 3HAUEHUS, T. €.

dN

N
E:Oé(].——)N, a > 0. (12)

Ny

Unen (1 — N/N,) B 5TOM ypaBHEHHZ OOeCIEUMBAET MEXAHU3M «HACHIIIE-
Hust» anciaennoctr — upu N < N, (N > N,) CkOpoCTB POCTa MOJIOXKU-
TeNbHA (OTPHUIATENbHA) U CTPEMUTCS K HyiT0, eciii N — N,

N(t) A
\

O

Ny /2

0 t

Puc. 7. Jloructuvieckme KpUBBIE, COOTBETCTBYIOIIHAE PA3IAUYHBIM 3HAUECHUSAM
HagaJtbHOU umcaeHHoctu N (0)

[Ipencrapmsisa ypauenue (12) B Bume

dN n dN
N, — N N
1 WHTETPUPYS €r0, NOJIYydaEM

—In(N, —N)+InN =at +C.

= adt

[TocTosuHas nHTErpUpoBanus onpenensercs u3 yciosus N (¢t = 0) = N(0),
T.e. C =In ((N, — N(0))"'N(0)). B pesynbrare Haxomum

N(0) N(0)
N =N at N ot
PN, - N(0) ° N, — N(©)
NI, B OKOH4YaTEJILHOM BHIE,
N,N(0) et

N(#)

TN, — N(0) (T —eot)

[loBenenue ¢pyuknuu N (t) ONUCHIBAETCS TaK HA3BLIBAEMON 402UCTNUYECKOT
kpueoti (puc. 7). Ilpu mro6om N (0) 4MCIEHHOCTH CTPEMUTCS K PABHOBEC-
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HOMY 3HaueHuio N,, IpUdeM TeM MeIjieHHel, ueM Benuuuna, N (1) 6nuxe K
N(0). Tem cambiM paBHOBecue, B oTiimume oT ciaydast momesu (10), ycToi-
IBO.

JlormcTuueckas Monmesb OoJiee PEaIMCTUUYHO OTPAXaeT NUHAMUKY MO-
IIyISIUY B CPABHEHUM ¢ Momesibio ManpTyca, HO camMa OHa ¢ HeOOXOMMMOC-
ThI0 CTAQHOBUTCS HEJIMHEMHON M IIOYTOMY O0Jjiee CIIOXHOK. 3aMEeTHM, U4TO
IIPENIIOJIOKEHNS O MEXaHU3MaX HACHIIIEHNS MCIOIb3YIOTCS MPU IIOCTpPOe-
HIM MHOTHUX MOJMENEN B PA3IMYIHBIX 00JIaCTIX 3HAHUIML.

6. IIpenBapuTesibHBIE BBIBOALI. IIponecc mocTpoenus Mmonenen Mo-
XeT OBITH YCIIOBHO pa30buUT HA CIENYIOIINE 5TAllbI.

1. KornctpyupoBanme MoOmenm HAYMHAETCS CO CJIOBECHO-CMBICIIOBOTO
onmcaHms o0LekTa mian sBieHud. IloMuMo cBemeHU o0IIEro XapakTepa o
IIpUpoae OOBEKTA U HENSIX €ro NCCIIETOBAHUS 3Ta CTAMNUI MOXKET CONEPXKATH
TaKXKe HEKOTOPHBIE MPEMITOJIOKEHUs (HEBECOMBIN CTEPXKEHb, TOICTHIN CJION
BEIIIECTBA, IPSIMOIUHERHOE PACIPOCTPAHEHUE CBETOBBIX JIyUYeH U T. I.).
HaHHBIA 5Tad MOXHO Ha3BaTh (OPMYINPOBKON IPEIMOIEIIN.

2. Crnenyoiui 5Tal — 3aBeplileHne uneajdusanuu oobexTa. OTopachl-
BaIOTCI BCe PAKTOPBI U SPPEKTHI, KOTOPHLIE IPEACTABISIOTCI HE CAMBIMU
CYILIIECTBEHHBLIMU [JIs ero noBenenms. Hampumep, mpu cocrapiennn 6ajiaH-
ca Mmarepuu (1. 16)) He yUNTHIBAJICSA, BBUAY €r0 MAJIOCTH, NEPEKT MACC, KO-
TOPBIM COITPOBOXKOAETCS PaANOaKTUBHEIN pacnamn. Ilo Bo3sMoxHOCTN maea-
JIN3UPYIOIINE IIPENIOJIOKEHN 3aMNCLIBAIOTCI B MaTeMaTUUYeCKOn dhopMe
(momobuo ycmoBuio A\ > Ly B m. 16)), ¢ TeM 4TOOBI UX CIPaBEIIMBOCTD
IO/, 1aBAaJIaCh KOJINYECTBEHHOMY KOHTPOJIIO.

3. Ilocne BBITIOTHEHNSI TEPBBIX ABYX DTAIIOB MOXKHO MNEPEXOOUTH K BbI-
6opy wim HOPMYIIMPOBKE 3aKOHA, (BAPUAIMOHHOTO IPUHIIAIA, AHAJIOTUN 1
T. II.), KOTOPOMY MOMUYMHSIETCS OOBEKT, M €0 3aIMCh B MaTeMaTHIECKON
dopme. Ilpu HeOXOOMMOCTHY UCIIONB3YIOTCSA OOMOJIHNTEIbHBIE CBENEeHUSI 00
00BEKTE, TaKXKe 3aMMCHIBAEMEIE MATEMATHIYECKN (HAIIPUMED, TOCTOSHCTBO
BEJIMYUHEL C IJIS BCEX TPACKTOPUU JIyYEeM CBETA, BEITEKAIOIIIEE U3 MEOMET-
punu 3amaun; 1. 2). CrenyeT uMeTh B BUMAY, YTO MAXKE MJIs MPOCTHIX 00b-
€KTOB BBEIOOP COOTBETCTBYIOIIETO 3aKOHA, OTHIONL HE TPUBMAJILHAS 33,0344
(cMm. ymop. 1).

4. 3aBepiaeT GOPMYJIMPOBKY MOIEIN €€ «OCHallleHues. Hampumep,
HEOOXOOMMO 331aTh CBEIEHUS O HAUAJILHOM COCTOSHUU OOBEKTA (CKOPOCTH
pPaKeTHl U ee Maccy B MOMeHT { = () W/ WHBIE €ro XapaKTePUCTUKN (Be-
auuuHbl [, g B 1. la); a, A1, Aip B . 16); a(t) u B(¢) B . 3), 6e3 sHanus
KOTOPBIX HEBO3MOXHO OIIPeNeNNTh ImoBeneHue oobekTa. W, Hakowner, dop-
MYJIIPYETCS IEJb UCCIIENOBAHNSI MOAEN (HAXTY 3aKOH IIPEJIOMIIEHNS CBETA,
IOCTUYb MMIOHNMAaHIS 3aKOHOMEPHOCTEN U3MEHEHU S TTOIYJISIIAN, OITPENeInTh
Tpe6GOBaHUs K KOHCTPYKITUU PAKETHI, 3aIyCKAIOMIEN CIIyTHUK, U T. 1I.).

5. IlocTpoennas MOOens M3y4aeTCs BCEMU NOCTYIHBEIMUI UCCJIENOBATE-
JIFO METOOAMM, B TOM YMCJIE CO B3AMMHOU ITPOBEPKOW PA3JIIMIYHBIX MOIXOI0B
(cMm., mHanpumep, yup. 4, 7). B orarume oT paccmaTpuBaeMbix B § 1 mpoc-
TEUIINX CIYUIaeB, OOJIBIIMHCTBO MOMEJIE He MOAMAIOTCSI YUCTO TEOPETH-
JeCKOMY aHaJIM3y, U IIO3TOMY HEOOXOMUMO IIMTUPOKO MCHOIB30BATH BBIUNC-
JIUTEJbHBIE METONLI. DTO OOCTOATEILCTBO OCOOEHHO BAaXKXKHO MPU MU3YUECHUN
HEJIMHEUHBIX OOBHEKTOB, TAK KAK MX KQUECTBEHHOE TOBENEHNE 3apaHee, KaK
ITpaBUJIIO, HEM3BECTHO.
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6. B pesynbrare uccienoBaHus MOOENIN HE TOJBLKO MOCTUTAETCS IIO-
CTaBJICHHAA 11€JIb, HO U OOJIKHA OBLITH yCTAHOBJICHA BCEMU BO3MOXKHBLIMU
criocobaMu (CpaBHEHMEM C MPAKTUKOI, COIIOCTABIEHNEM C IPYTUMHA IOIXO0-
maMm) ee afleKBaATHOCTh — COOTBETCTBUE OOBEKTY U CHOPMYITHPOBAHHBIM
npennonoxennaMm. HeaneksaTHas MOOENb MOXET OaTh PE3yIbLTAT, CKOJb
YIOMHO OTJIMYAIOMIUACI OT MCTUHHOTO (cp. dopmyny (1) u pesynbTar
yap. 1), m gomxua 6bIThL 60 oTOpOIeHa, MO0 COOTBETCTBYIOIIAM 06-
pa3oM MoAu(PUIILPOBAHA.

YIIPAXKHEHUA

1. B nepeoit 3anaue n. 1, a) OpUMEHUTE OJIsI HAXOXIEHUS BejauuuHbl V (CKOpOCTH
CUCTEMEI «IIyJIS—TPY3» CPa3y MOCJE CTOJKHOBEHWS) HE 3aKOH COXPAHEHWS SHEDPLUM, 3
3aKOH COXPAHEHU UMILYJILCA. Y O€IUTeCh, YTO M1 CKOPOCTH! IMyJIN ¥ MOIydaeTcs GopMmy-

1
a, naomas sHadenre B ((M + m)/m) /2 pa3 MenbIe, yem moyuaonieecs mo GopmMyiIe

(1).

2. IlycTs MOIIHOCTH JIa3epa, CBepJAIero Marepuas (m. 1, a)), 3aBUCAT OT BpeMe-
uu, T. . W = W(t). Kak usmenurcs dpopmyaa (3)? Ocraercs i B cusie yTBEpX)ACHUE
O TOM, UTO INIyOMHA BBIEMKM IIPOIIOPIMOHAJIBEHA, 3aTPAUEHHON SHeprum?

3. HalimuTe MOMEHT BpeMeHHU, KOT 13 PACHaLAETCA MOCIEOHUN aTOM PagUOaKTUB-
sHoro BemecTBa (m. 1, 6)). ITouemy B Momenu (5) BeIIeCTBO PACHamaeTCs IOJIHOCTHIO
JIUITL mpu t — 007

4. IIpennosioxuM, 94To B II. 1, B) paCCMaTPUBACTCI «UACAIIHHALY OMHOCTYIEHYATAS
pakeTa, y KOTOPOU HEeNpepbIBHO O0TOpachIBaeTCa OTpabOTaBIIAad U CTABIIASI HEHYXHOU
YaCTh CTPYKTYPHOM MAaCCH (K MOMEHTY HOJIHOTO cropanus tomnua ms = 0). ITosms-
3yS4Ch 3aKOHOM COXPAHEHUS UMITYJIBCA, MOKAXKUTE, UTO MAKCUMAJIbLHASA CKOPOCTH TAaKOMN
pakeTsl onpenessiercs no dopmyie v = (1 — ) uln(mo/myp). CpaBuuTe ee ¢ dopmyaon
(6). Ilouemy mmeasibHAS PaKeTa MOXKET HOCTUYL JIIO60M CKOpOCTH?

5. IIpoeepbTe ¢ ucnosb3oBarueM (8), aTo yciosue (7) eCThb yCIOBHE MUHUMAJIBLHOC-
Ty mia Besmmuuesl t(q). W3 puc. 5 onpenesnure, Kakas CKOPOCTH OOJIbIE — Vg WIIHA Up !
[Monw3ysice Gopmyston (9), HARAUTE, TPU KAKWX yTIIaX ( JIyYd CBETa HE TMPOHUKAIOT U3
cpensl a B cpeny b, T. e. korma peanmu3yerca 3QDeKT «IIOJIHOTO BHYTPEHHETO OTPaXKEHUS
CBETa», UCHOJIb3YEMEBIA B PAO€ TEXHUYECKUX YCTPOUCTB.

6. OmnpenenuTe, kak cebs HOIKHA BecTH Npu 60abInux t BemuuuHa (t) = at) —
— B(t) > 0 B momenmu MasibTyca (10), 9TO6BI YMCIEHHOCTS MOMYJIALMNNA OCTABAJIACH OTPa-
HUYEHHOUN IIpu t — Q.

7. Ilepeitnure B dopmyne (11) mias MHOMOCTYIIEHUYATON DAKETHI K IIPENey MIpH
n — 00 M y0emuTech, YTO €€ MPeneibHas CKOPOCTh BBIYUUCIIIETCA IO (GOopMYyIIe nJid une-
aJIbHOW pakeThl 13 yup. 4. Ilouemy pe3ynbTaThl COBOATAIOT?

8. Paccmorpure B sormctudeckoin momenau (12) Masible OTKIIOHEHHS OT IIOJIOXKE-
HUsI PaBHOBECHS, T. €. CUTyaluio, korna petnenue nmeer Bun N (t) = Np + IN(t), rme
0N(t)| < Np. Ilokaxure, uro nis Beauaussl N (t) B mepBOM OPUOIVXEHUY CIDABEL-
JIVBA JIMHEWHAs MOomesib Tuma momesm MamsTyca (10).

§ 2. IlpumMmepsbl Momesien, MOJIy YaeMbIX
13 @PyHIaMEHTAJIbHBIX 3aKOHOB IIPHUPOIBI

ITo cpaBuenuro ¢ m. 1 u3 § 1 6omee mOOpoOHO 1 aJ1st OOJIEe CIIOKHBIX
00BEKTOB PACCMOTPUM MOMIEIN, CleAyoime u3 3akoHoB Apxumena, Hero-
ToHa, KyIoHa 1 OPYrUX XOPOIIIO N3BECTHRIX 3aKOHOB. OOCy 1M HEKOTOPLIE
CBOUCTBA PACCMATPUBAEMBIX OOBEKTOB.

1. TpaekTOopusa BCILIBITUS MOABOMAHON Jionku. [IycTh nmogBomuas
JIOMKA, HAXOMANIasACa B MOMeHT BpeMenu t = (0 Ha raybune H oT moBepx-
HOCTHY MOPS W OBMXKYIIAACS C IMOCTOSHHON IOPM30HTAILHON CKOPOCTHIO v
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(puc. 8), momyyaeT NMPUKAa3 MOOHSITLCS HA MOBEPXHOCTL. EcCiu mpoMexy-
TOK BPEMEHHU, 33, KOTOPLIN HUCTEPHLI MOMJIONKNA OCBOOOXKMAIOTCSI OT BOMLI
1 3aI0JIHAIOTCSI BO3MYXOM, C T€M YTOOBLI €€ CpemHsas INIOTHOCTBL p1 CTa-
JIa, MEHbBIIIEe ILIOTHOCTU BOOLI Py, HEBEIIWMK, TO MOXHO CYMTATh, UYTO B
MOMeHT t = () Ha IOOJIOOKY HAUMHAET Hen-
CTBOBATH BLITAJKWBAIOIASA CHJIA, OOJIbLIIIALd,
yeM Bec Jonku. Ilo 3akony Apxumena BEITAJ-
KUBaloIlas cuia paBHa F' = gV pg, roe g —
yCKOpeHmne CBOOOMHOTO madeHus, V — o00b-
eM nomiionku. CyMMapHas CHUJIa, MENCTBYIO-
I11as Ha, NOMJIONKY B BEPTHUKAJLHOM HAIPAB-

JIEHNN, — Pa3HOCTHL MexXny F' m BecoM Tea OE I
P = gV p1, a coobiraeMoe €10 yCcKOpeHue II0 - !
BTOpPOMY 3aKOHY HbroToHA paBHO
d’h
p1V—2:F—P:gV(pO_pl)° / //
dt P
nc. 8

Koopnunara [, xapakTepusyoIas TOPU30H-
TAJIbHOE ITIOJIOXKEHWE ITOMJIONKWN, M3MEHSETCS 0 3aKOHY NBUXKEHUS Tela C
IIOCTOSTHHOU CKOPOCTBIO:

dl
— = .
dt
Penras sTtu ypaBHeHNS, HAXOOUM, UTO
ht) =gz @) = o, (1)
P1

N 9TO JIOOKa BCIIJIBIBET Ha IIOBEPXHOCTH B MOMEHT t = tk, KOrga

_ H o
P g(po — p1)

[Ipu 5TOM B rOpU3OHTAJIBHOM HAIPABIIEHUN ITOAJIONKA IPORAET PACCTOSHUE

H \”
L = vtk = ( P ) .
g(po — p1)

Ucknrouas us (1) Bpems, HalgeM TPAECKTOPUIO IBUKEHUs MOMIIONKN B
koopnuHaTax (I, h)

h:ng_Zpl 12,
pP1Y

KOTOPAast OKA3LIBAETCS apabosion ¢ Bepiruuoi B Touke [ = 0, h = 0 (mpu BEI-
Bone (1) BepTUKaIbHAS CKOPOCTD JIONKM, & TaKXKe BeJIMUUHLI | 1 h mpuHu-
MAJIICh PABHBIME HYIT0 B MOMeHT ¢t = (). CunTamock Takxke, 9TO HUKAKUE
IPYTUe BEePTUKAJILHEIE CUIBI, KpoMe F' u P, Ha MOmIOOKY HE OEUCTBYIOT.
GTO IIPEOIIOJIOKECHNE BEPHO JIMIIL IIPY MaAJIBIX CKOPOCTAX BCILJIBITUA, KOT' I4
MOXHO TTpeHebpeub COMPOTUBIIEHNEM BOMBI IBUXKEHUIO JIONKK (CM. yIp. 1).

NTak, HETOCPENCTBEHHOE IPUMEHEHNE 3aKOHA, ApXUMena, OIPeaerIsiio-
I1ero BeJIM4YnHy BBITa,JIKI/IBa,IOH_Ieﬁ CHJIBI, 1 3aKOHA HBIOTOHa,, CBJ3BIBAIOIIIC-
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ro CAJIY, OEUCTBYIOIIYIO HA TEJIO, U €T0 YCKOPEHNE, IIO3BOJINIIO JIETKO HATHA
TpaekTopuio momiionku. OueBnaHO, 4YTO NapaboInIecKon TPaeKToOpren 00-
JanaeT noboe MBUXKYINEECS B IJIOCKOCTU TeJO, MMEIOIee MO OMHOMY U3
HAIIPABJIEHUU ITOCTOSHHYIO CKOPOCTH U HA KOTOPOE B APYTIOM HaNpaBIIEHUNA
NEeNCTBYeT MOCTOsSHHAS cuiia (ypaBHeHus (1) pakTUIecKy HAOT IMapPaMeT-
PUYECKYIO 3anuCh mapabosnol). K TakuM nBUXeHUsAM OTHOCSITCS, HAIPUMED,
II0JIET KaMHsI, OPOIIEHHOIO C BBICOTHI H € TOPM30HTAJIBHOU CKOPOCTHIO U
UITN TOJIET 3JICKTPOHA B SIIEK TPUUIECKOM IIOJIE IIIOCKOTO KOHAeHcaTopa. On-
HAKO B MOCJIEOHEM CIyYae IMOJIYUUTh TPAECKTOPHUIO Tella HEIOCPENCTBEHHO
13 QpyHIaMEeHTAJIbHBIX 33KOHOB Hellb3s, TpebyeTcsda MpuMeHuTh Oolee me-
TAJLHYIO Ipouenypy. PaccMoTpuM 5TOT Bonpoc mompoOHee.

2. OTKJIOHEeHNE 3apPAXKEHHON YaCTUIILI B 3JIEKTPOHHO-JIy Y€BOI
TpyO6Ke. bymemM cunTaTh, 4TO OOKJIAIKN KOHIAECHCATOPA HSJIEKTPOHHO-
nyuyeBon TpyOku (puc. 9) mpencTapisiioT cob0il GECKOHEUHBIE IIIIOCKOCTH

Puc. 9

(mIpemmonoxenne CIpaBeninBo B CIIyUae, €CIIN PACCTOSHIE MEXIY OOKJIa -
KaMI MHOTO MEHBIIIE X Pa3sMEpPOB, a BIIEKTPOH OBUXKETCS Ha OOJIBLIIOM
yoajieHuu OT uX Kpaes; yup. 2). OueBUmIHO, YTO BIEKTPOH OymeT MpuTs-
I'MBATLCI K HIDKHEN OOKIaOKe M OTTAJKUBATLCS OT Bepxuen. Cuima mpu-
TsSXKeHUss F' mByX pa3sHOMMEHHBIX 3apPsIOB 3JIEMEHTAPHO OIPENelseTCs U3
3akoHa KyJona

= C]1212 |
T
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IJIe @1 U (o — BEJIMUMHLL 3aPANOB, 7 — paccTogHue Mexay Humu. Crox-
HOCTDb 3aKJIIOUaEeTCSI B TOM, YTO B MAHHOM IIpUMeEpe Ha OOKIIagKe HAXOOUT-
cs1 OECKOHEUHO MHOTO 3aPAI0B, KAXIBIN N3 KOTOPBIX PACIIOIOXKEH HA CBOEM
PACCTOSHIM OT OBMXKYILErocsd 3JIeKTpoHa. [losToMy HeobXomgmMo CHavaIa,
HAUTU CUIIY, THOAYOIUPYEMYIO KAaXIBIM 3apsI0M, U 3aTEM, IPOCYMMUPOBAB
BCE 3JIEMEHTAPHBIE CUJIBI, ONPENENTh PE3YIbTUPYIOIIEe NeCTBUE O0KJIa-
IOK Ha, SJIEKTPOH.

PazobbeM BCIO MIIOCKOCTL HUXHEN OOKJIANKN HA BJIEMEHTAPHBIE «IIO-
JIOCKI>», XapaKTepU3ymlnuecsa KOOpAnHaTaMu 171, 72,173, —00 < 11,173 < 00;
ro =0 (cMm. puc. 9).

[logcunTaeM criTy IPUTSXKEHUS SJIIEKTPOHA 3aPI0M, HAXOMAIIEMCS Ha,
slleMeHTapHou miomianke ds = dry drs m paBHBIM dq = qo ds, TOe Qo —
IIOBEPXHOCTHAJ INIOTHOCTD 3apsia Ha oOkIanke. Kciam vacTuila HaXommuTCs
HA, PACCTOSHUU 7o OT 3aAPSIXKEHHOU IIJIOCKOCTH, TO

do
dry = t +da) —t = Py ————
r1 =1 (tgla + da) — tga) = ro —

(3mech yINTHIBAETCS MAJIOCTDL BejudHbl dov). Jjsa ompeneneHus BEMUIUHbL
drs umeem

r3 + drs _ tg(6 + dB) 3 _ tg OB
ry +dry sin(a+da)’ ry  tgo

W3 mocnenanx nByx GOpMyJT HAXOMUM

r1 dB3/(cos® B) + dry tg 3

drs = (11 + dr1) tg(B +dB) —ritg 8 = sin @

r/e, AaHAJOTUYHO NPEeOLIAYIIIEMY, VUTEHa TAaKXe U MaJIOCTh BEJIMUMHLL df.
YMuOXasa dr; Ha drg m orOpaceIBas 4iieH OoJjiee BBICOKOTO ITOPSIIKA, Ma-
noctu, noaydaeM ds = rory dadB/(cos? a cos? Bsin o). Cuna npuTIKeHI
9JIEKTPOHA C 3aPAOOM (. K DIEMEHTAPHON MJIOIIaOKe dS PaBHA,

geqQor271 da df
72 cos? acos? Bsina

dF =

roe ¥ — <«CpemHee» PACCTOSHUE OT 3JIEKTPOHA MO TUIOMIAIKU, KOTO-
poe € y4eToM MajocTy BenuuwH do, d BeAmMCIseTcs mo (Gopmyne 7 =
= ra/(cosacos 3). B utore nms smeMeHTaPHON CUIIBI UMEEM

r1 dadf  qeqo
ro SIn o COS «

dF = deqdo do dﬁ,

a IJIs1 €€ BEPTUKAJIBHON COCTABIISIONIEN
dF| = dF cosfBcosa = q.qg cos Bda df.

[TporaTerpupoBaB BuIpaxenue mjis F| mo B or =0 mo B = 7/2,
HaAOeM CUJIY IIPUTSIKEHU JIEKTPOHA K YACTHU DIIEMEHTAPHON «IIOJIOCKITS,
pPaCIOJIOKEHHON B KBaapaHTe 1 > 0, rg > 0:

dFf = q.qo da.
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[Ipocymmuposas dFt, mo o or a = 0 mo @ = /2, T. €. IO BCEM TOJIOCKAM
kBanpauTa r; > 0, r3 > 0, onpenenuM CUIIy IPUATIKEHNUS, THIYIIUDYEMYIO
3apsoaMy, PACIOIOXEHHLIMA B STOM KBaJPAaHTeE:

dFT = u deqo-
2
quTBIBaﬂ ﬂeﬂCTBHe BCEX YETHBIPEX KBAIPAHTOB IIJIOCKOCTU HIUXHEN
O6KJI&I[KI/I 1 IIPpOBOOA aHAJIOTUYHBIEC PACCYXIOCHWA MJIA BerHefI O6KH&HKI/I,
TOJIYYUM PE3YIILTUPYIOIYIO CUILY MPUTARKEHNS (OTTAIKABAHMUS) SIIEKTPO-
Ha KO BCEM 3apsiadaM KOHAOCHCATOPa

F =4rmq.qp. (2)

Cuna F' HampapiieHa BIOJIL OCK Ty K HUXKHEN oOkitanke (cocrasistoriue F
II0 OCSM 71, T3, OUYEBUIHO, PABHBI HYJIIO B CIJIYy CUMMETPUHN — YTOOLI yOe-
INTHCS B DTOM, JOCTATOYHO PACCMOTPETH OeNCTBUE 3aPANa, HAXOMAIIIETOCS
Ha IIJIOIAOKE, PACHONIOXEHHON B KBaapauTe 1 < 0, r3 < 0 u cuMmMeTpuy-
HOU TIIIOIAIKE dS).

IIockonbky cuna F' He 3aBUCHUT OT T2, a IO T'OPU3OHTAJIBHON OCH UaC-
TUIA, OBUXKETCI C IMOCTOSHHON CKOPOCTBIO U, TO IPUXOOUM K CUTYAIIUN
IPEObIOYINEro IyHKTa — IIPUMEHNB BTOPOHN 3akOH HbioToHA, Ierko moiry-
YU ThH GOPMYIIBI, AaHAJIOTUYHBIE (1), OMUCHIBAOIINE NBUXKEHIE DIIEKTPOHA, TIO
11apabOIMYeCKOl TPACKTOPUN U MAOIINE BO3MOXHOCTE BBEIUNCINTEL BCE €€
nmapaMeTpel. OOHAKO B OTINYME OT CJIyYas C HOMJIONKOHN IIPSIMOE IPUMe-
HeHne QyHIaMEeHTaJIBHOrO 3aKoHa KyJloHa i1 moTyYeHns MOOEJIN IBIXKe-
HIS 3JIEKTPOHA OKA3bIBAETCS HEBO3MOXKHBIM. IloTpeboBaiock, onupasich Ha,
OYHIAMEHTAJILHEIN 3aKOH, CHAYAJIa, ONMCATH DJIEMEHTAPHBIA aKT B3aMMO-
IEeNCTBUSA 3aPAO0B, U YK 3aTeM, IPOCYMMHUPOBAB BCE 3TU AKTHI, YAaJIOChH
HAUTHU PE3YIbTUPYIOIIYIO CHITY.

[lomoOHasg cuTyanus 1 OOCIEOOBATEIbLHOCTE NeCTBIN BeChbMa TUINU-
HBEI IIPM TOCTPOEHHUM MOMAeNel, TaK KaK MHoOrue QyHIaMeHTaJbHEIE 3a-
KOHBI YCTAHABIUBAIOT B3aUMOOTHOMIICHU
KaK pa3 MeXOy dSJIeMEHTAPHBIMU YaCTs-
MU HCXOJHOTO OOBLEKTa. JTO, pa3yMeeTcd,
CITPABEIJIMBO HE TOJIBKO IJIS DJIEKTPUYIEC-
KX CUJI, HO, HAIIPUMEP, U IOJIS CHUJI TATO-
TEHU.

3. Konebanusa kosienn CatTypHa.
[TocTpoumM wMomenb OBUXKEHUS TOUECTHOU
Maccel Mgy B mOjie Cuil TATOTEHUS, CO3-
IaBaE€MOM MAaTEPHAJILHLIM KOJILIIOM C pa-
nuycoM Ry W JWHEWHOU IIIOTHOCTBIO pg.
Konbno cumraercs OECKOHEYHO TOHKUM,
IBUXEHIE IIPOUCXOAUT BIOJb OCU KOJIBIIA,
(puc. 10). HamHas cxeMa MOXET PAcCMAaT-
PUBATLCS KaK MOeajm3alus mpoiecca kKojuebaumit koserr Carypua. Tewm
HEe MeHee, HeCMOTPS Ha, CYIIEeCTBEHHBIE VIIPOINEHS, HEIIOCPEOCTBEHHOE MC-
IIOJIL30BAHKME 3aKOHA, BCEMUPHOIO TITOTEHUS

Puc. 10

mopmq

Fr=v—,

T
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rae ' — cuna mpuUTAXEHUA OBYX TeJl, MMEIOIINX MAacChl Mg M My, ' —
pPaCCTOSHUE MEXOY HUMU, Y — IIOCTOSHHASA TATOTEHHUI, HE MOXET IaTh
OKOHYATENLHON MoAenu OBrkenus kojier; CaTypHa, Tak KaK MacChl My,
M1 JOJXHEI OLITH TOYCUYHLIMI.

[TosTOMy BBIUMCINM CHAUAJIA CUIY HPUTSXKEHUS MEXOY TOYESUHOU
maccon Mgy m Maccon dm, comepxKalllelicsi B MaJIOM dJIeMeHTe KOJbIla dl,
KOTOPYIO VK€ MOXKHO CUNTATEHL TOUETHOIN:

AF Mg dm
p— ’Y —RZ .
3mecs R, r — COOTBETCTBEHHO PacCCTOgHME OT Macchl My mo KOIbla 1

no nenTpa kKoibia. OueBuauo, urto npu 0 < a < 7/2 (mna /2 < a < 27
BHIKJIQIKV QHAJIOTUYHEI)

&—sina— Ho 1_—COSOJ_ i
R NEEY R V2P + R
[Tockonbky dm = po dl = poRo dB = —portgadf, To
M M
df" = — ]gngrtgadﬂ:—v 0P sin a cos a d3.

Haitmem mpoekiiuio cuibl dF' Ha OCh r (MMEHHO 5Ta TPOEKITUs OMpPeaesiseT
MHTEPECYIoIllee HAC NBUXKEHUE):

Mo po
r

df'|, =dF cosa = —vy sin a cos® a df3.

IIpocyMMupOBaB Temeph CUIILI TATOTEHUS, CO3MABAEMEBIE BCEMU DIIEMEHTA-
MU KOJIbIIA, T. €. B3IB uHTerpasg oT dF'| mo S ot § = 0 mo O = 27, HalimeM
PE3YIILTUPYIOMIYIO CHIIY:

M
0F0 sin @ cos® a = —yMyM; ol
" (r? + Rg) ™

F = 27y i

(3)

rne Mi = 2mRgpyp — monHas macca konblla. Kak 1 B mIpenbiayieM nyHK-
Te, TOPU30HTAIBbHAS TPOEKIINS Pe3yIbTUPYIONIeN CUJILI PABHA HYJITIO M3-33,
CUMMETPUIHOTO PACHOIIOKEHST KOJIBIIa OTHOCUTEIHLHO MacCchl M.

Cuna Tarorenus (3) CyIIeCTBEHHO OTINYIACTCS OT BEIPAKEHUS, NaBae-
MOTO 3aKOHOM MJII TOUYEYHLIX MAacCC, IIepexoms B Hero Julllb upu r > Ry,
KOT 1A KOJIBIIO MOXKHO yIIOOOOUTH TOUEUHOU Macce biaromapsa O0IbLIIOMY, B
CPaABHEHUU C pa3MepaMM KOJbIA, PACCTOSHUIO MEXIY TATOTEIONIMMU Te-
mamu. Ecou xe r < Ry, TO

Mo M,

F:_fYR_g

r,

1 CJIa IIPDUTAXKEHNA, B IIPDOTUBOIIOJIOZKHOCTD CJIIY49al0 TOYEYHBIX MACC, Y6I->I—
BAaET C YMEHBIIIEHUEM PACCTOSIHUS MEXIY OOBEKTaMU (€Ile OMUH TPeNesib-
HBLIN IIEPeXON PACCMOTPEH B yIp. 3).
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I[IpumenuB xk macce My BTOpon 3akOH Hb0TOHA, ITONyYNM ypaBHEHUE
ee OBUXKEHUA BOOJb OCH T

d?r r
5 _’YMl )
dt? (r? + R2) "

KOTOpOe, B OTJIMYNE OT TI. 1 1 1. 2, CyIIECTBEHHO HEJIMHEHO 1 CTAHOBUTCS
JIMHENHBIM Iuinb npu r < Ry:

proimitls e (4)

4. JIBuKeHMe HNIapuKa, IPUCOEeANHEHHOTO K IIpyXkmHe. B momny-
YeHIM Mofelien . 1-3 riiaBHyo poib urpaiu GyHIaMeHTaJIbHbIE 3aKOHHI,
OIPENEeNaBIIITE IPOUCXOXKIEHNE U BEJINUNHY CUJ, NENCTRYIONINAX HA OOBEKT,
a BTOpOH 3akOH HpioTOHA OBLI KaK OBl BCIIOMOIaTENLHBIM M IIPUMEHSJICS

HA IIOCIIEMHEN CTAOUUA NOCTPOEHUS MO-
L >| . nenu. KoHedHO xke, Takoe nejcHue Iuc-
r=0 TO YCJIOBHO. Benb ecsium peub umeT o 3a-
» JadaxX OUHAMUKHN, TO MOXKHO MCIIOJIb30-

% | BATh I IPYTYIO CXEMY — CHAUIAJIA CBSI-
S S S 3T ¢ TOMOLIBIO 3akoHa HbioToHA Ipo-
Puc. 11 eKIINU YCKOPEHUS Teja C IPOEKIIUSIMNA

INEVCTBYIOIIINX HA HEro Cuji, a 3aTeM,
UCXOMs M3 T€X WU WHBIX COODPAXKEHUN, BEIUUCIUTD DT CUIBI KAK (YyHK-
UM KOOPIUHAT, TMOIYYUB 3aMKHYTYIO MOmeb. IIpomeMoHCcTpUpyeM 5TOT
MONXOI] HA, IPUMEPEe MOIENN IBUXKEHUS MAPUKA, TPUCOSTUHEHHOTO K TIPY-
XKUHE, C XKECTKO 3aKPEIJIeHHBIM KOHIIOM (puc. 11).

[IycTe 7 — KOOpAMHATA IAPUKA BIOJIL OCHA NIPYXKUHLI, JIEXKAIIEH HA
TOPU30HTAIIHLHON IIIOCKOCTY, ¥ HAITPABJICHUE NBUKEHUS IIIAPUKA, COBIAIAET
¢ ee ockro. Torma mo BTOPOMY 3aKOHY MUHAMWKN

d’r
F=ma=m T2
TIe M — Macca IIapuKa, g — ero yckopenue. bymem cuuTaTh mIOCKOCTH
UIEAJTHHO TIIAMNKON (T. €. MBUXKEHWE TPOUCXOomuT 06e3 TpeHus), mpeHebpe-
KEeM TaK¥XKe COIMPOTUBJIEHUEM BO3IyXa W MPUMEM BO BHUMAHWE TO, UTO
BeC IIAPUKaA YPABHOBEIIUBAETCS PeakIuel miIockocTu. EnuncTeennas cu-
J1a, MeRCTBYIONIAS HA, IIIAPUK B HAIIPABICHUY OCH 7', OUEBUIHO, CUIIA YIIPY-
roctu npyxwunbl. OQnpenenuM ee, UCIOMb3Ys 3aKOH |'yKa, Tacsaiiumii, ITo
NI PACTSIKEHUS (CKATUSL) MPYKUHBI HEOOXOMUMO MPUIIOKUTE CUITY

F = —kr
rae kodddurnmerT k > 0 xapakTepusyeT YIPYTrUe CBOUCTBA IIPYXWHBI, &
7 — BEJIMYHY €€ PACTSKCHUS NN CXKATUI OTHOCUTEJILHO HEUTPAJIBHOTO,

HEHAT' PYXKEHHOTO TTojiokeHuda r = (. Y paBHeHUE NBUXKEHUS MTaPUKA, TPUHI-
MaeT Buil (ypaBHEHUE 5JIEMEHTAPHOIO OCIIUIIIISITOPA)

d?r
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OHO OIUCHIBAET €r0 FapMOHMUECKHUE KOJICOAHNS U UMeeT OO0IIee pelleHue

r = Asinwt + B coswt, (6)

rae w = 1/ k/m — cobCTBEHHAS YACTOTA KOJEOAHMIA CUCTEMBI KIIPY KIHA—
IapuK». JHauenus A u B JIerko onpenensoTcs n3 HAYaJIbLHOTO COCTOSHIAS
obbekTa, T. €. uepes BenuuuHbl 7(t = 0) = ro u v(t = 0) = vg (v(t) — cko-
pocTs mapuka), npuuem r(t) = 0 npu ro = vo = 0. 3ameTuMm, YTO ypas-
HeHue (4) ¢ TOYHOCTHIO N0 0003HAUEHUN COBHAmaeT C (5), MOSTOMY B . 3
peub TakXke IJIa O MPOIecce KOIeOaHW, HO MPUMEHUTEILHO K CUCTEME
«CaTypH—KOIIBIIOS.

[Tonxomel, ¢ MOMOIBIO KOTOPBIX CTPOUJINCH MOMENIW MAHHOTO Iapa-
rpada, He JOJIKHBI, PA3yMeeTCs, TPOTUBOPEUNTE APYTUM DYHIAMEHTAIIb-
HBIM 3aKOHAM PUPOAsl. COOTBETCTBYIONIAS IPOBEPKA HEITPOTUBOPEUNBOC-
T (€Cii OHA BO3MOXKHA,) BECHMAa, TOJIE3HA, [IUIS1 YCTAHOBJIEHWS IPABUILHOC-
T Momeseit. IlosicHuM 5TO, MCIIONBL3yst I BEIBONA, YPABHEHUS () HE 3a-
kOH HbioTOHA, 8 3aK0H coxpaHeHnus dHepruun. I[I0CKOIbKY TOUKA KPEIIeHUsI
IPYXUHBI HEMOABUXKHA, TO CTEHKA HE COBEpIIaeT paboTy HAI CUCTEMOU
«IPYXRUHA—INAPUK> (M HA00OPOT), U ee MOJTHASI MeXaHnuecKas dueprus F
OCTaeTCs MOCTOAHHON. Brruucium ee. Kuneruwueckas sHeprust onpenesnser-
CSl NIBUXKEHUEM IIAPUKA, (IIPYXKUHA, CINTACTCSI HEBECOMOI):

2
I mv?  m (dr/dt)
K 2 2 .
[ToTeHra bHAS YHEPTUS] CUCTEMBI «COMEPXKUTCSI> B MPYXKUHE, ee He-
TPYIHO HAWTHU, ONpPenesuB paboTy, HEOOXONUMYIO s PACTSIKEHUS (CxKa-

TI/Iﬂ) IIPDYXHWHBI Ha BEJIIMYNHY T°:

r T

2
EH:—/Fdr’:/kr’dr’:k%.

0 0

Ilnst HewsMeHHOU cO BpemeHeM Benuuubbl B = E, + E; (uaTerpasa
SHEPTUHN) TTOJIYIAEM

m (dr/dt)®  kr?
E= Al
2 T 2

Tak xak dE/dt = 0, To, nponuddepeHIIPOBAB UHTETPAJ YHEPTUN IO ¢,
IIPUXOOUM K BBIPAXKEHUIO

dr d?r dr dr ( d?r ) _0

mm-kkr

T. €. K ypaBHEHUIO (D), MPOBEPUB T€M CAMBIM MPABMILHOCTEL €r0 IOJIyUe-
Hud. IlogoOHyro npoenypy HeTPYOHO IPOBECTU U IOJIS IPUMEPOB mm. 1-3.
5. 3akJIIodueHu’e.
1. Ilaxxe B IIPOCTERINNX CUTYAIIUIX OJII IOCTPOESHMUS MOOEIIN MOXKET II0-
TpebOBaTHCS UCIIOIL30BAHIE HE OJHOIO, & HECKOJIBKUX (QYHIAMEHTAILHBIX
3aKOHOB.

3 A. A. Camapckmnit, A. II. Muxaiinos
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2. Ilpamoe dopmanbHOE mpuMeHeHMe QyHOAMEHTAJILHBIX 3aKOHOB K
00BEKTY, pACCMATPUBAEMOMY KaK IIeJI0e, He BCErIa BO3MOXHO (mi. 2, 3). B
STUX CIIyUasaX TpeOyeTcs MPOCYyMMUPOBATH YJIEMEHTAPHBIE aKThI B3aMMO-
IEMCTBUS MEXOY €r0 YaCTSIMU, IPUHUMAs BO BHUIMAHIE CBOMCTBA O0HLEKTA
(HampuMep, ero reoMeTpuIo).

3. OmHuMu m TeMHu Xe MOMEJISIMH MOI'YyT OIHUCLIBATHLCS COBEPIIIEHHO
pasHbIE MO CBOEM Hpupome OOBEKTHI, MOMUMHSIOIIUECS Pa3HBIM (yHIa-
MEHTAJbHBIM 33aKOHAM, 1, HAaOOOPOT, MAHHOMY 3aKOHY MOTYT OTBEYATH
MPUHIWINAIBLHO Pa3sHble MOmein (HAIpUMEp, JUHEAHBIE W HEJIMHENHLIE;
CM. II. 3).

4. HeobxommMo MCIONIB30BATH BCE BO3MOXHOCTH IJISI IPOBEPKMU MPa-
BIJIBHOCTH IIOCTPOEHUS MOMENH (IIpenebHbIe IIePEXonbl — MIl. 2, 3, IpyTrue
byHIaMEeHTAJILHBIE 3aKOHBl — II. 4 U T. 1I.).

YIIPAXKHEHU

1. B 3agaue 0 BCINIBITHMM HOABONHOMW JIOOKW YUUTBIBAETCS COIMPOTUBJIICHUE BOXBI.
I[IpmaMMas cuity COMpOTUBJIEHMA paBHOM [ = —kou, rme ko > 0 — xoaddurmeHT, 3a-
BUCAIINAM OT CBOUCTB BOOBI W POPMBI MONJIOOKW, U — BEPTUKAJIbHASA CKOPOCTH JIOIKW!,
HAANTE MAKCUMAJIBHYIO TUIyOMHY H , mpu BCIJIBITUM C KOTOPOM CMiION | MOXHO mpe-
HeOpeub B JI000 MOMeHT BpeMeHu t < tf (mOMXHO BBINOJHATHCA TpeboBanume F] K
K F — P).

2. IloBTOpAS pacCyXneHus II. 2, HAUANTE CUJIy OPUTIXKEHUA 3JIeKTPOHA K OOKJIIamI-
KaM KOHIOEHCATOpa, MMEIOIUM KOHEUHBIE pa3Mepsl Ri, R3. YOenuTeCch B TOM, UTO IIPHU
R1 — 00, R3 — 00 MOJIyueHHOE BBIPAXEHUE MepexonuT B dopmyy (2).

3. B 3amaue 11. 3 BBeouTE TOJIIUHY KOJBIA d, HaunuTe cuiy F' m ybemurech, ITO
IOJIyYeHHOe BhIpaxkeHue npu d — 0 copmamaer ¢ dopmynon (3).

4. IlycTts pacCTOSHUE MEXOY TOYKOM HEMTPAIBHOTO IIOJIOXKEHWS NPYXUHBI 7 =
— 0 1 CTEHKOU, K KOTOPOW OHa Kpenwutcs, paBuo L (cMm. puc. 11). Haiimure, monb3ysich
dopmysoit (6), yCaOBUS HA BEJIWYUHEBEL T0, U0, IPU BBHIIOJHEHUN KOTODHIX IIAPUK HE
MOXET yHOAPUTHCSI O CTEHKY (B IPOTUBHOM CiIydae Momens (5) HeBepHA, TAaK KaK IIpH
COyoapeHN! CO CTEHKON IMAPUK MCIBITHIBAET C €€ CTOPOHBI NENCTBUE HEKOTOPOU CUJIIBI,
HE yYNTHIBAEMOU B ypaBHeHuu (5)).

§ 3. BapI/IaI_II/IOHHLIe IIpDUMHONAIIBI 1 MaTeMaTHUn4YeCKMe MoaeJin

Hanum ymporeHHyo GOpMYyIMPOBKY BapHAIIMOHHOIO HpuHIMNa I a-
MIJIBTOHA, IJII MeXaHmdecKon cucTeMbl. Ha ero ocHOBe BEIBeIEM yPaBHEHUS
IBUXKEHUS IIAPUKA, HA MIPYXKUHE W MAITHUKA B moje cuil Tsxectu. Como-
CTABUM PE3YJILTATH HOJIYYEHUS MoOesen n3 QyHIaMEeHTAJIbHBIX 3aKOHOB 1
13 BAPUAIIMOHHOTO NPUHITUIIA.

1. O6miaa cxema npuHiuna I'ammiabTona. Ilycts nmeercs mexa-
HIYECKAs CUCTeMa, GOPMAJILHOTO U CTPOrOro OIPENeeHNs KOTOPOU IOKa,
IaBaTh He OymeM, uMes B BHAOY, OOHAKO, YTO BCE B3AUMOMEHCTBUSI MEXIY
5JIEMEHTAMI TAKOW CUCTEMBI OIPENESISIIOTCS 3aKOHAMM MEXAHUKY (ONUH 13
IIPOCTEHAIINX IPUMEPOB — PACCMOTPEHHad B I. 4 § 2 cucTeMa, «IIAPUK—
IpyXUHa»). Beemem mousaTue 0606uwennbly Koopdurwam (Q(t), IOIHOCTHIO
OIIPENESIAIONINX IOJOXKEHNEe MEXaHNYECKON CUCTEMEI B IIPOCTPAaHCcTBe. Be-
mmunHa, (Q(t) MoxeT ObLITh MEKAPTOBOW KOOPAWHATON (HAIPUMED, KOOD-
MUHATA I B CUCTEME KITAPUK—TIIPYKUHAS), PAILYCOM-BEKTOPOM, YTIIOBOM
KOOPAMHATON, HAOOPOM KOOPAMHAT MATEPUAIILHEIX TOUEK, COCTABIIAIOIIINX
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cuctemy, u T. n. Benuuuny d() /dt ectecTBeHHO HA3BATL 0000UeHHOl CKO-
POCMbI0 MEXAHIIECKON CUCTEMBI B MOMeHT BpeMenu t. Habop Bemmuun () ()
u d()/dt onpemnenseT COCTOAHNE MEXAHUIECKON CHCTEMBI BO BCE MOMEHTHI
BpPEMEHI.

Hast onumcanmus MEXaHMYECKOU CUCTEMBI BBOOUTCS (Qywkuyug Jlazpan-
oca, TIOCTPOEHNEe KOTOPOU — OTHOENbHBINM BOIPOC, OOjiee mompoOHO pac-
cmaTpuBaeMmbin B Ti1. 1II. B mpocrenmmx cnyvasx dyukuumsa Jlarpamxka
MEET SCHBIM CMBICII 1 3AIIMCHLIBACTCSI B BUIEC

L(Q,dQ/dt) = Ex — Enq, (1)

roe Ey, By — KuHeTwyeckas v MOTEHNUAJIbLHAS YHEPTUUA CUCTEMBI COOT-
BeTCTBeHHO. [l nmesmeit manHoro maparpada HeT HEOOXOOUMOCTHU HABATH
obtriee onpenesnerue Bequand Fy, Fo, TOCKOIBbKY B PACCMATPUBAEMBIX [IPH-
MepaxX OHUM BBIMUCIISIOTCS OUYEBUIHBIM 0OPA30M.

Beenem nasee Benuuuny S|()|, Ha3pIBaeMyo deticmauem:

to

sl = [ ¢ (Q,%) . )

t1

Nurerpan (2), oueBumHO, sSBiIsIeTCsS GYHKIIMOHAIOM OT OOOOIIIEHHOM
kKoopauHaThl )(t), T. e. dyukuuu ()(t), 3amamHOl Ha OTpe3Ke [t1,%s], OH
CTAaBUT B COOTBETCTBUE HEKOTOPOE unciio S (HmeicTBue).

[Ipuanun I'aMuiIbTOHA OIS MEXaHUYECKON CUCTEMBI TJIACKAT: €CIIN CUC-
TeMa MBUKETCS IT0 3aKOHAM MeXaHUKM, TO () (t) — crarmonapHas QyHKIIs
s S|Q)], wim

4 S[Q + epl.—o = 0. (3)
de

durypupyroias B npunyune noumenbute2o deticmeud (3) QyHKIUs
©(t) — mexkoTopas nmpobHas GyHKIUI, 06pPAIIAIONIALCT B HYJIb B MOMEHTHI
t1, to W YIOBIIETBOPSIOIIASI TOMY YCIIOBUIO, 9TO (1) + £p(t) — BO3MOKHAS
KOOPAWHATA, JAHHON CUCTEMBI (B OCTAJILHOM (1) MPOM3BOIIBHA,).

Cwmbics npuHInIa (3) B TOM, 9TO U3 BCEX AIIPUOPY MBICIUMBIX (IOITYC-
KAEMBIX) TPAEKTOPUN (IBUXKEHUN) CUCTEMBI MEXKIY MOMEHTAMH t1, to BBI-
bupaeTcs (peanu3yeTcs) NIBUKEHNE, IOCTABIIAIONEe MUHIMYM (DYHKIIMOHA-
iy merctus (OTCIOMa MPOUCXONUT U Ha3BaHue npuniuna). Oyuknus ep(t)
HA3LIBAETCA 6apuatuet BeruuuHsl (Q(1).

Nrak, cxema mpuMeHeHuUs TpUHINMIS [aMuibTOHA (3) il MOCTpoe-
HIIA MOOEIeN MEXaHUYECKIUX CUCTEM COCTOUT B CIICHYIOIEM: ONPENCIIaIOTC I
o6o011ieHHbIe KOOPpAUMHATH () (1) u 0bobieHHbIe ckopocTH d() /dt cucTeMbr,
crposites yuknus Jlarpamxa L(Q, dQ /dt) n dyukimonan neiictus S[Q)],
MUHAMUA3AIKISI KOTOPOrO Ha, Bapuanusax £p(t) koopauHaThl () (t) u maer wuc-
KOMYIO MOIEJIb.

2. Tperuii croco6 IOJIyUYeHUS MOOEJIM CHCTEMbl KIIapMK—
NpPYyXUHa». BoCHoab3yeMcs IPUHIUIOM |'aMUiILTOHA O IOCTPOCHUS
MOMENIM OBVXKEHUsS IIAPUKa, COSOUHEHHOro ¢ npyxunoin (. 4 § 2). B ka-
yecTBE OOOOIIEHHON KOOPAMHATHI CUCTEMBI €CTECTBEHHO BHIOPATH OOBIU-
HYIO 9¥jepoBy kKoopaouuatTy mapuka 7(t). Torma obobiiieHHAs CKOPOCTH

3*
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dr/dt = v(t) — obbrunas ckopocTs 1apuka. Pyukius Jlarpamxka (1), pas-
Hast L = E, — E,, 3aI1CBIBAaETCS Uepe3 ykKe HaldeHHbIe B 1. 4 § 2 3HaUeHU I
KTHETUYECKON U MOTEHIMAILHON YHEPTUN CUCTEMBI:

2 2
L:m(dr/dt) e
2 2

I[JIH BCJIINYNHBI ,HefICTBI/IH I[IOJIYUYAEM BBIPAXKECHUEC

t2 t2
d dr\> k
t1 tl

Temepb, B COOTBETCTBUAK CO CXEMOU II. 1, BEIUMCINM AEACTBUE Ha Bapua-
uax £p(t) KoopauHATHI 7(t):

S[r—l—sc,a]:/t2 ng’ (d(r ;w))2—ﬁ(r+es@)2

dt.
2
th

[Tocnenuioo Gopmyity HeobxomuMo nponuddepeHImpoBaThL M0 € (YYNTHI-
Bast, 9T0 GyHKIUU 7, @, dr/dt, dp/dt ot € He 3aBucAT):

to
d d 1 dr\” dr do dp\*
il — = T Ve — 2 7 _
ge O+ el deQ/[m{(dt> NPT (dt) }

t1

—k{r® 4+ 2erp + 82(,02}] dt =

to
B dr dy doy 2 5
_/[m{dt o +€(dt> } k{rp+ep”}
t1

1 IIOJIOXNTH B Hel € = (:

dt,

to

dr dy
EZO—/[mEE—krgol dt = 0.

t1

d
ES[T-l—sgo]

[IpaBast 9acTh 5TOr0 BEIPAXKEHUS (PABHOTO HYJIIIO B COTJIACUY C TPUHITUIIOM
[aMuinbTOHA — CM. (3)) C IIOMOIIBIO MHTECPUPOBAHUS €€ MIEPBOTO UJICHA
II0 YaCTSAM 1 C YIEeTOM TOTrO, UTO ¢ = () B MOMEHTHI t1, to, mpeobpasyeTcs

K BULY
to
d?r
:—/cp [mﬁ—l—kr] dt = 0.

d
ES[T-F&‘(,D]

=0
€ e

[Tockonbky nipoGHast hyukms (t), durypupyrorias B GOpMyIUPOBKE
IIPUHINIIE HAMMEHBIIErO NCHCTBU, IIPOU3BOJILHA, TO YaCTh BBLIPAKCHU,
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CTOSAINAS OO 3HAKOM MHTErpaJjia B KBAIPATHBIX CKOOKaX, MOJIXKHA OBITH
PAaBHA HYJII0 BO BC€ MOMEHTHI BpeMeHu {1 < t < fo:

d?r 7
m —s = —kr

dt? ’
T. €. IBUXKEHNE CUCTEMBI MOJIXKHO OMUCLIBATHLCS ypaBHeHueM (), MOy JeH-
HBIM B § 2 m3 3akona Hbiorona (mepBbeIil Croco6) M 3aKOHA COXPAHEHUSI
sHepruu (BTOpoil crocob). Bee Tpu momxomna 0Ka3kIBAIOTCS SKBUBAJIEHTHEI-
MU (TaK KaK MEXMIy HUMU CYIIecTByeT riybokas CBsi3b, 60see mompoGHO
nsyuaemas B ri. 111).

3. Kosebanusa MasgsTHUKA B moJie cUJI TaxecTu. llpuBemem me-
CKOJILKO 0OoJiee CJIOXHLIM MPUMEP IPUMEHEeH!s OpuHIuNa l'aMuiabToHa ¢
TOOPOOHBIM PACCMOTPEHMEM HAYAJLHONM CTAOUU IIOCTPOEHUS MOOEIU —
ONUCAHNEM MEXAHNIECKON CUCTEMBL.

IIycTs HA HETOOBUKHOM IIIAPHUPE HMOABEIIEH MASTHUK — T'PY3 MaCCHI
M, HAXOMAIINIACS Ha, KOHIEe cTepxHs miuHbl [ (puc. 12). Hlapuup cumra-
eTCs UOEAJILHO TJIAOKMM B TOM CMBICJIE, UTO B
HEM HE NPOUCXOOAT IOTEPU SHEPTUU Ha TPEHUMe. LLLLL G
HemonBuXHOCTE IIIAPHUPA 03HAYUAET, UTO OT HE- A
I'O DHEPTUS B CUCTEMY «CTEPKEHL—TIPY3» HE II0-
CTYIaeT, TAKOW IIIaPHUDP HECIIOCOOEH COBEPIINTH
Ha[ Hell Kakyoo-aubo padory. CTepxeHb cumTa-
eTCsI HEBECOMBIM U aOCOJTIOTHO XKECTKUM, T. €. €r0
KIHETUYECKAS W I[IOTEHIMAJILHASI SHEPIUM PaB-
HBI HYJIIO, & TPY3 HE MOXET COBEPIIATH IBUXKE-
HUI BIOJIL OCU CTepxkHs. ['py3 numeeT HebonnIime
pa3Mephl IO CPABHEHUIO C [IJIUHON CTEPXKHS (Ma-
TepUAJIbHAS TOUYKA), YCKOPEHEe CBOOOMHOTO IIa-
IEHNSI ¢ TMOCTOSHHO, COIPOTHBJICHUEM BO3IYXa,
nIpeHeOperaeTcsa, Kojebanus IPONCXonsaT B (PUK-
CUPOBAHHON BEPTUKAJILHON IIOCKOCTH (MIJIs Yero, OUEBUIHO, BEKTOP Ha-
YAJILHON CKOPOCTHU I'PY3a MOJIKEH JIEXKATH B 9TOM INIOCKOCTH).

[Tocite Bcex 5TUX yIPOIIAOIIUX IIPEOIOIOXEHNN SICHO, YTO IIOJIOXKEe-
HII€ MAasSTHUKA OIPENeNsaeTCs UMb OOHOM OOOOIIEHHOM KOOPOUHATOHU, B
KaUeCTBE KOTOPON BhIOEpeM yroi «(t) OTKJIOHEHWS CTEPXKHS OT BEPTUKA-
mu. O606ITIeHHAsT CKOPOCTh B TAHHOM CIIydae — YTJIOBasi CKOPOCTh da/ dt.

Kuneruueckas >HEPTUS CUCTEMEI HaeTCsa GOPMYIIOn

15 1 do 2_1 zdaz
EK—§mv —im(lﬁ> = —ml (—),

Puc. 12

a TIOTEHINAITLHAS YHEPTHUS BHIPAKEHUEM
E, =mgh = —mg(lcosa —1),

rae h — OTKJIOHEeHWe MAasTHUKA OT HAWMHU3IIETO IOJIOXKEHUS II0 BepTUKa-
mu. B pambHenmux BHIKIAAKaX BemuuwmHy mgl B Fy omycTtum, Tak Kak
ITOTEHITNAIJILHAS YHEPT U ONPENessIeTCsa ¢ TOYHOCTHIO 10 TMOCTOSHHON.
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Teneps mHeTpynHo BuIuumCaAuTh QyHkuumio Jlarpamxka (1) um meiicTBue

(2):
do 1 (da\>
L — ] = — | —
(a, dt) ml [21(dt) +gcosa] :
to
1 [da\’
Sla] —ml/ l§l(ﬁ> —I—gcosoz] dt.
t1
Haxons meiicTBre Ha Bapuarusax « + ep(t):
to

1 (da doy ?
Sla + ep] = ml l +e— ] +gcos(a+ep)|dt=

2°\dt T dt

t1

to
1 da\? da dy 1% °
— “ (= e — X 4 22X
ml/l2{(dt> + € + e (dt) }Jrgcos(onrego)

t1

dt,

muddepeHnupy s ero 1o € n nonaras € = 0, momydaem

to

:ml/ [ld_ad_cp —gogsinoz] dt = 0.
e=0

d
de Slo+ el dt dt

t1

Kak u B 1. 1, mHTEerpupyem mepBLIM YJIEH BHIPAXKEHHUSI B CKOOKaX IIO
YaCTSAM U, YYUTHIBaAs, 4TO ©(t) = 0 B MOMEHTHI t1, to, IPUXOOUM K CIIEIYIO-
IIEMY YPaBHEHUIO:

to

d* o :
ml/cp [lﬁ—l—gsmal dt = 0,

t1

KOTOPOE B CUITY TIPOU3BOILHOCTH (1) MOXKET yIOBIIETBOPSITHCS JIUIIL €CITN
s Bcex 17 < t < to cripaBenjimBoO

d? o _

— = — = sina. (4)

dt? [

3aMeTuM, 4TO ypaBHeHume KojebanHuin MasTHuUKa (4) B OTIMYmE OT

ypaBueHus (5) § 2 HENMUHENHO. DTO 0OCTOATEIHLCTBO CBAZAHO ¢ HOJIEE CII0XK-
HOU T'€OMETPUEN CUCTEMBI KCTEPXKEHb—TPY3», 8 UMEHHO: YCKOPEHUE, UCIIHI-
THIBAEMOE TPY30M, HE ITPOTOPIIMOHAILHO KOOPAUHATE, KAK B CIIyUae 3aKOHA,
['yka, a gBasgercsa Oonee CIOXHON (QPYHKIIMEN OTKIJIOHEHWUS OT IOJIOXKEHMS
paBuoBecust (yria «). Ecaum e 5Tu OTKIIOHEHUS MaJibl, TO Sina R «, u
MOIEJIb MAJIBIX KOJIeOAHN JTUHEMHA:

fa g
dt? [
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Oun omucoiBaioTcs GoOpMyIon, amajoruyuon (6) m3 § 2, roe w =

= /g/l — cobcTBenHas yacTOTa MajbIX Kojebauuii, a Benuuuubl A, B

d
ompenersitorcs uepes a(t = 0), d_(: (t =0).

4. 3akaodenne. [IpuMmepsl UCIONIBL30OBAHUS IPUHIINIIA 1 aMUIILTOHA,
IIJIsl TIOCTPOEHUS MOOEJIE MeXaHUIEeCKUX CUCTEM PUCYIOT BECbMa YETKYIO
IIPOTPAMMY IEHMCTBUI, B 00IIeM BUOE OMMCAHHYIO B II. 1. Y HUBEPCAILHOCTD,
CTporo (popManIn30BaHHBIE HOCIIENOBATEIILHBIEC IIPOUEAYPEI, HE 3aBUCIIIINAE
OT MeTajlel KOHKPETHON CUCTEMBI, 0€3yCIOBHO, BECbMAa ITPUBJIIEKATEILHA
JyepTa BapPMANUOHHBIX IIPUHIWIIOB. B OpWBEMEHHBIX BBIIIE ITPOCTHIX CIIY-
JasgxX MOOEJIM MOIyT OLITH OTHOCUTEIBHO JIETKO IIOJIYUYEHBI U MHBIMU CIIO-
cobamu. OmHAKO OJIg MHOTUX OPYTHUX, 00jee CI0XHLIX OOLEKTOB, BaPUa-
IIAOHHBLIE ITPUHIIUAIILI OKA3BIBAIOTCA (PAKTUUIECKU €OMMHCTBEHHBIM METOOOM
IIOCTpoeHus Momdeneirn. Tak, Hampumep, MEXaHHUYeCKne dYacTy OOJIbIIIMH-<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>